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A numerical code using Hermite bicubic finite elementshas been developedfor the computation of axisymmetric
magnetohydrodynamic(MHD) equilibria. Thecode providesa mappingto flux coordinatesfor MHD stability calculations.
Severaltest casesarestudied to showtheconvergencerate for the equilibrium.Convergencetestsarealsopresentedfor the
eigenvaluesof the stability calculationswhen theequilibrium meshis varied.

1. Introduction We have named the equilibrium code
CHEASE(Cubic HermiteElementAxisymmetric

Forthe studyof magnetohydrodynamic(MHD) Static MHD Equilibrium solver). It solves the
stability, accurate,flexible andefficient computa- Grad—Shafranovequationwith a prescribed,but
tion of equilibrium solutions is essential.Several rather arbitrarly shaped,plasma boundary and
numerical codeshave been developedfor this providesinput for two MHD stability codes,ER-
purpose.Thesecodesusevariousnumericaltech- ATO [91and MARS [101.
niquessuch as conforming[1] or non-conforming
[21linear finite elements,finite differences[3—51,
spectraldecomposition[6], or a variationalmo- 2. Formulationof the equilibrium problem
ment method [7,8]. In the present paper, we
documenta recently developedcode usingbicu- The problem of axisymmetric MHD equilib-
bic Hermite elements.It will be shown by corn- rium is well known [11]. The magneticfield can
parisonto codesusing linear elementsand sec- be representedas
ond-order accurate finite differences, that the B = TV4J + V41 X ç7sJI, (1)
improved convergencepropertiesof the bicubic
elementsgive considerablesavings in computa- where 4) is the ignorabletoroidal angle (see fig.
tion time for typical tokamakapplications.Such 1) and ~I’ is the poloidal magneticflux function.
comparisonsaremadefor the convergenceof the In the case of static MHD equilibrium, the
equilibrium itself and in addition for that of the poloidal currentflux function T andthe isotropic
eigenvaluescomputedby MHD stability codes plasmapressurep are functionsof iJ~•The equi-
when the equilibrium mesh is refined and the librium condition is given by the Grad—Shafranov
stability mesh is held fixed. To our knowledge, equation[12—14]
this is thefirst timethat suchconvergencetestsof 1 dp I dT2 —

the MHD growthratesarepresentedin the liter- V• —~ VII’ = (2)
d~2r2d~’ r’

ature.Nevertheless,this appearsto be the most r
direct way to measure the performanceof an where denotesthe toroidal plasma current
equilibrium codefor MHD stability studies. density.
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1 \ \ ~ 3. Convergenceof the equilibrium
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/ = (OIsst—- // \ ~ In this section,we show the convergenceof the
~ \—~~ ...•‘~ equilibrium solution with respectto the cell size.

/ \ / I \l \ For thesetests,we use an equalnumberof inter-
= const—- — -- -J ~\ ,\r~, Ps

I I ‘~ \ I vals in the u- and 0-directions,i\ç = N0 = N, and
I’

I I the “cell size” is defined as Ii = 1/N. Standard
~ /</j>\) j error estimates [15] predict that ~ itself con-

1 \ / ~/ /
magn. aXis-~ \ ~ / vergeswith an ~(h) error,while the error in V~

\
/ ~-~‘/ is &(h

3).
/ ~N/ /// Here,we usetwo different quantitiesto record
/ j~-___/~ /

/ / the convergence,namely, the poloidal magnetic
/ /
/ field energy

R. a

Fig. I. Thecylindrical coordinates(r, z, ~) in toroidal geonic- = Jr f up~( 0) du dO, (5)— (I (I = I) F
try.

and the position of the magnetic axis. In the
specialcasewhere theequilibrium equation(2) is
linear, i.e. .i~,is independentof II’, the poloidal

CHEASEsolves eq.(2) over the plasmacross- magneticfield energyis expectedto convergeas
section 12 with the fixed boundarycondition ~p ~(/~5) [15]. For an up—down symmetric equilib-
o on ~Q usingbicubic Hermiteelementsfor ii’. rium, the magneticaxis where fl!’ = U will occur
In the following, we considercasesin which ~J’is at (r. z) = (R~

1,0). Evidently, ~ should have
negativeeverywhereinside the plasma and the the same convergencepropertiesas ~PJ1/ar, i.e.
total plasmacurrent the error should he ~(h

3). We point out that
CHEASEcan also deal with equilibria which are

dS (3) up—down asymmetric.In all convergencetests to follow, we have
Ii

used a packing of the 0-mesh in such a way that
is positive, the areaof all cells in the 0-direction(for fixed

For the solution of equilibrium equation (2). a-) is the same.Two different classesof equilibria
the plasmacross-section12 is transformedinto a will he considered:analyticSolovevequilibria [161
rectangularregion 0 ~ o- � 1, 0 ~ 0 � 2ir by the and non-linear equilibria where p and T are
useof a modified andnon-orthogonalcoordinate low-orderpolynomials in ~It/iItiiila
system (a-, o) related to the cylindrical coordi-
nates(r, z) by 3.1. Soloi’ei equilibrium

r=a-p~(0)cos O+rn,
(4) A standardtest casefor any equilibrium code

2 = (Jp.~(O)sin 0 + Z
0 is the family of analytic equilibria found by

Solovev[16] for which eq. (2) is a linear equation
(seefig. 1). Details concerningthe solution of the for ~1’.We considerthe following special cases,
Grad—Shafranovequationare given in appendix where
A. In appendixB we show how a single solution
of the Grad—Shafranovequationmay be usedto 1 + E
generatea whole family of equilibria with fixed p(iJf) = ER~q11 (6)
poloidal betaand internal inductance,but with
different plasmacurrentsor safety factors. T( ~‘) = 1~)= 1,
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Oe+0 Figure 3 showsthat the error in the magneticaxis
Rm is ~‘(h3). Thus, the poloidal magnetic field
energyand the magneticaxis convergeaccording
to theoreticalexpectation.

-2e-]0 3.2. Non-linearequilibria

The Solovev equilibrium bypassesone diffi-

culty in eq. (2): the problemloses its non-linear-
ity, as the sourceterm ~d, is independentof ‘I’.

-4e-10 ‘ We now consider a non-linear test case with
Oe+0 5e-9 lc-8 geometrychosento model JET (Joint European

h6 Torus).The plasmasurfaceis definedby
Fig. 2. Convergenceof the poloidal magneticenergy of the
Solovevtest case.The regressioncurve is ~ — 1.7788780145 r = R

11 + a cos(0+ ~ sin 0), (8)
x 10—2 — —3.81 15.10

2h6. z = Ea sin 0,

where a, E and R
11 have the samemeaningas in

and the poloidal beta is unity. In eq. (6), E eq.(6), and ~ standsfor thetriangularity.For our
denotesthe elongation,R0 and a the major and test case,the inverseaspectratio is a/R0= 0.37
the minor plasmaradius, respectively. q11 is the andtheotherparametersare E = 1.7 and~ = 0.3.
safety factor on the magnetic axis. The corre- We havechosenthe following pressureand T

2
spondinganalytic formula for ijt is profiles:

E (r2z2

2R~q
11 E

2 + ~(r2 —R~)2_a2R~). (7) P(~/~’mtn)= 0.07(~P/~Pmn)’,T2(q1/iI1~j~)= 0.983+ 0.1(~P/lPmin)2 (9)

For the convergencestudy, we havechosenthe _0.083(5I1/iIImn)3.

Solovev equilibrium with q
0 = ~, E = 1, a =

and R0 = 1. This equilibrium has been rescaledusing the
In fig. 2, we observethat the poloidalmagnetic transformationdescribedin appendixB suchthat

field energyof the numericalsolution converges the safetyfactor on the axis is q11 = 1.2. Figure 4
towardsits analyticalvalue with an ~(h

6) error.

3e-6

4e-7

2c-6

2e-7 1e-~

Oe+0
__________________________________ oe+0 4e-5 8e-5

Oe-+.O
Oe+O 5e-5 le-4 h3

h Fig. 4. Convergenceof the magneticaxisof theJETtestcase.
Fig. 3. Convergenceof the magneticaxisof the Solovev test Theregressioncurveis Rm/R

0 — 1.05835305= 3.231x
case.Theregressioncurve is Rm~1 = 3.4184x ~ 10

2h3.
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Oe+G ~. CRAY-2 is about 350 secondsfor CLIO and 2.3

secondsfor CHEASE.
The samecomparisoncan be done with the

JET test case shown in the same publication.
There, the errorin the magneticaxis behaveslike

-lc-9 R~1/R0— 1.1014865= — 1.8193.10-2/13 for
CHEASE, and R11/RQ— 1.1014865= 0.1378h

2
for CLIO. Therefore, CLIO gives an error of

1.5 >< l0~ in the magnetic axis with a
300 ~ 300 mesh,while CHEASE reachesa cam-

-2c-9 parableprecisionon a 22 x 22 mesh.The resolu-
Oe+O 2c-6 4e6 tion time on the CRAY-2 for this equilibrium is

h4 of 6.5 CPU secondswith CHEASE and of about
Fig. 5. Convergenceof the poloidal magnetic energyof the 400 secondswith CLIO.
JET testcase.The full circle correspondto ~7/~— 6.0685373x
10 ~. The equationof the solid line is 1 = —4.2169x10 ~

4. Mappings for ERATO and MARS

shows that the magneticaxis convergesaccording 4.1. Computationof poloidal flux surfaceintegrals
to theoreticalprediction with an ~(h3) error. In
the casewhere eq.(2) is a non-linearequationin In this section,we discussthe mapping of the
ii’. the poloidal magnetic field energy (5) no equilibrium into the flux coordinates and the
longer shows the ©(h1’) convergencerate oh- calculationof the equilibrium quantitiesrequired
tamedfor linear equilibria. Indeed,we observein by the two stability codesERATO [9] andMARS
fig. 5 that the error in the poloidalmagneticfield [10]. ERATO is an ideal MHD stability code
energyis asymptotically~(h4) for the non-linear using the so-called “hybrid finite elements” in
testcase(9). both the radial andpoloidaldirections.MARS is

a resistive MHD stability codethat usesFourier

3.3. Discussion decomposition in the poloidal angle and finite
differencesin the radial direction.

The position of the magneticaxis is commonly The flux coordinatesystemusedby bothstahil-
used for validating equilibrium codes.In ref. [2] ity codesdiffers completelyfrom the oneusedfor
two Solovevcaseswereusedas convergencetests the equilibrium calculation. The radial stability
of the finite linear “hybrid element”codeCLIO, coordinateof the two codesis
one with elongation E = I, anotherwith E = 2.
For both test cases,R

11 = I, a = 0.4 and q11 = I. = /~~iIi~~ (10)
According to the curvespresentedin ref. [2], the ~/ ~

error in the magnetic axis is R11 — I = 0.136/12

for the first caseand R~1— I = ~_0.130/12for the The angularvariablex is definedby the choice of
second.We havecomputedthe sameequilibria the JacobianI = [(fl!’ x V~)~~] of the map-
with CHEASE. Linear regressionsgive R~,— 1 = ping from (1J~,~, 4))-spaceto Cartesiancoordi-
9.2068x 10

3h3 for the E = 1 case and R~
1— 1 nates. In the equilibrium code, I is restricted to

= 9.9660X l0~/~~for the E = 2 case. Conse- the form
quently, CLIO yields an error of ~Rm 1.5 x ,j = c’~~I’~r” V’1’ ~11
l0~on themagneticaxiswith a 300 >< 300 mesh, ‘ /

whereasCHEASEneedsonly a 18 X 18 mesh to where a and ,u are integers. C(1Jt) is obtainedby
reachthe sameaccuracy.The CPU time required demandingthat x increasesby 2~per poloidal
for the calculation of these equilibria on the turn.
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The stability codesrequireequilibrium quanti- 5.41 6e-2

ties of the form

= constant,x)

x ( ~p ~ ~
21p a2’~p ~21p.\

=1”’ —‘——‘

0 ‘ ~o ~ ~~‘‘ ~ ‘ 5411e2

xJd~’. (12)

Most finite-element solutionsof eq. (2) generate
problemsfor an accuratecomputationof these 5.406e-2

kind of integrals.The Hermitecubicelementsdo Oe+O 5e-6 1 e-5

not demand continuity on the cell edgesfor h4
a2lP’/aa-2 and O2h!t/~O2Thus, to perform inte- Fig. 6. Convergenceof the growthrateof theSolovevtest case

gralsof the type of eq. (12) accurately,the inte- with ERATO.
gration interval is split into a set of subintervals
delimitedby the intersectionsof the constant-TI’ The equilibrium quantitiesemployed for the
surfaceswith the (a-, 0) cell edges.This allows stability calculationaregivenin appendixC. They
the discontinuitieswhich may appearin the inte- dependon ~I’, flu’ andsecondderivativesof NI’.
grandof eq. (12) to be avoidedand a high-order We are not awareof a theoreticalprediction for
integration scheme, such as Gaussianquadra- the convergenceof the stability eigenvalueswith
tures,canbe applied, the equilibrium mesh.

For the Solovevtest case,we havecomputed

4.2. Convergencestudiesof the mappings the growth rate for toroidal mode numbern = 3,
with a perfectly conductingwall on the plasma
edge. The stability mesh is fixed to N~= 100

The Solovev equilibrium describedin section radial and N~= 100 intervals with ERATO, and
3.1 allows oneto avoid the solution of the Grad—
Shafranov equation (2), becauseanalytic values N~= 110 radial points and Nm = 11 Fouriercom-
for II’, 8~.I’/aa-,~‘I’/~O and a2~P/acr80can be ponentsin the x-directionwith MARS. The errorin the growth rate obtained with the analytic
substitutedon the nodesof the equilibrium mesh. solution on the equilibrium gridpoints(full circlesConsequently,the mappingscan be decoupled

from the equilibrium solver in this case,and the
convergencepropertiesof the equilibrium quanti- 5.332e-2

ties as well as the accuracy of the integration
schemepresentedin section 4.1 can be verified
independently.The convergencepropertiesof the
mappingsare checkedby observing the growth
rate (normalizedto the Alfvén frequency)of the y 5.331e-2

mostunstablelinear eigenmode.For this test, we ~keepthe stability meshesfixed and increasetheequilibriummeshdensity.For thethreetestcases,the x-coordinatedefinedby the constantvolumeJacobian(J = C(~P)or a = 0 and jx = 0 in eq. 5 330e-2(11)) gives good results for the stability calcula- O.Oe+O 25e-6 5.Oe-6

tions (better than with straight field lines). The h4
s-meshhas been packed on all resonant-qsur- Fig. 7. Convergenceof thegrowthrateof the Solovevtest case
faces. with MARS.
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I .28e-2 ‘ . o~_-’~’ with ERATO and MARS becausethe discretiza-

tion methodsused in the two stability codeslead
to different truncationerrors. After convergence

of the stability calculationswith fixed equilibrium
mesh (N,, = N~= 40), both codes give the same

7 t.24e-2 growth rates: ‘y = 5.395 x 10—2 for the Solovev
and y = 1.231 x l0~ for the JET test case. It
shouldbe noted that 10—2 is a typical growth rate

~tUdiLS runs in the context of beta-limit

20c-2 ‘ I It is interesting to comparethe resultsof sec-
Oe+O 4c-5 8e-5 tion 4.2 with thoseobtainedby other codes.Al-

h3 thoughconvergencepropertiesof many equilib-
Fig. 8. Convergencesof growth ratesof the JETtest casewith rium codesareavailable in the literature,to our

ERATO (opencircles)and MARS(full circles), knowledgeno convergencecurveshavebeenpub-

lished showing the error due to the equilibrium
in figs. 6 and 7) convergesas ~‘(h4) with some calculationon the stability results.
oscillations superposedfor ERATO. It appears We haveused the equilibrium codeEQLAUS
that the dominanterror in the growth ratecomes [5] combinedwith ERATO for sucha comparison
from the ~(h4) convergenceof 111 when the with CHEASE.EQLAUS usesa finite-difference
analyticsolution is injectedon the nodes.A check scheme in Cartesian coordinates for the dis-
on the convergenceof the poloidalmagneticfield cretization. We have reproducedthe non-linear
energy reveals a h4)-behaviourin this case. JET case shown in section 3 with this numerical
insteadof ~(ht’) for the numericalsolution.With package.The ERATO meshhas beenfixed (N,
the numerical solution (opencircles, figs. 6 and = N

5 = 180), and the sameradial stability mesh
7), the ~‘(h

4)-error in the growth rate appearing packing wasused than with CHEASE.
with the analytical solution is removedfor both For this testcase,the growth ratebehaveslike
stability codesand only the oscillatory behaviour y = 1.247 X 10~— 0.461/i with EQLAUS +

remains,probablybecausethe finite-elementrep- ERATO, y = 1.247 X 10~+ 4.69I/~~with
resentationminimizes errors in a global sense. CHEASE+ ERATO and y = 1.2070><102 +
However, the error in the growth rate is much 4.3l6/~~with CHEASE+ MARS (see fig. 8).
smaller than with the analytic solution on the Thus, the error in the growth rate due to
equilibrium gridpoints. EQLAUS is of about ~y = 1.5 x l0~on a 300 x

The JET casedescribedin section3.2 showsa 300 mesh.This precisionis alreadyreachedon a
n = 1 instability with a perfectlyconductingwaIl 16 X 16 mesh with CHEASE and ERATO. On
placedat one minor radius from the plasmasur- the CRAY-2, the computation of a 300 x 300
face. In fig. 8, we observe that the growth rate case with EQLAUS takes about 300 CPU sec-
convergesas ~(h3) with the two stability codes. onds, while a 16 ~ 16 case with CHEASE re-
The opencircles are obtainedwith ERATO, and quires only about 15 seconds,including in both
the full circle with MARS. Here,the fixed stabil- casesthe computationof the stability inputquan-
ity meshesare N, = 180 radial and = 180 in- tities, ballooning and local stability criteria (see
tervals with ERATO, and the sameas for the appendixC).
Solovevcasewith MARS.

4.3. Discussion 5. Implementation

The values of the growth rates after conver- Figure 9 shows the CPU time neededto calcu-
gence of the equilibrium are slightly different late a non-linear test case and the quantities
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40 of theconvergencecurves arevery small. This has
beenconfirmed by extensiveuse of the code.

To studythe effect of the equilibrium calcula-

tion and the mapping to flux coordinateson the
• accuracy of the stability calculations, we have

20 • shown convergencetestswith the stability codes
ERATO usingtwo-dimensionallinear “hybrid el-
ements”, and MARS, where Fourier decomposi-
tion is used in the poloidal direction. For both
codes,the error due to the equilibrium solver on

0 the stability results convergesin 1~9(h
3),to be

‘10 30 50 comparedwith the ~‘(h)-error if second-order
N = N ~ = N accuratefinite differencesare used for the dis-

Fig. 9. Computation time on the CRAY-2 for non-linear cretizationof the equilibrium.
equilibria including mapping to flux coordinates,ballooning

andlocal stability criterions.
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National ScienceFoundation.Gausselimination usedin the solution of eq. (2),
andthe tracingof constantflux surfaces.The first
operationis well vectorized,the secondwould be
easy to parallelize: each constant poloidal flux Appendix A. Solution of the Grad—Shafranov
surfacecanbe tracedby a different processorof equation
the computer.However, this option has not yet
beenimplemented. In the standardmannerof the finite-element

The equilibrium solver needsapproximatively method,eq.(2) is solvedin the coordinatesystem
4N

0N,,(4N0+ 300) Mwords of central memory (4) by expanding ~I’ in Hermite bicubics on a
storagespace,the mapping for MARS 120N5N0 rectangulargrid in a- and 0. The equationis then
+ 5ONsNm Mwords, where Nm is the numberof multiplied by anarbitraryweighting functionfrom
poloidal modes for the Fourier decomposition, the samefunctionspaceas ~I’andis integratedin
andthe mappingfor ERATO 120N5N0+ 4ONXNS space.The integralsare carried out numerically
Mwords.The codehasnow beenimplementedon usinga Gaussianquadratureformula.
different typesof computers(CRAY, IBM, SUN), The Hermite bicubics use as unknowns the
and is easily transportable. values of the function ~1’, its first derivatives

~1’/~Jcrand ~oI’/~0andthe mixed secondderiva-
tive a

2~I’/ao~i0,all on the nodesof the mesh.The

6. Conclusion boundary condition ~t’ 0 on ~f2 implies ~I’= 0
andall//aU = 0 for all the boundarypoints a- = 1

The Hermite bicubic elementshave proved and0 = Ui-, j = 1,.. ., N
0, where N0 is the number

their efficiency in the solution of the Grad— of intervals in the 0-direction. The origin of the
Schlüter—Shafranovequation. The convergence polar coordinatesystemrequiressome extracare
rates of the equilibrium solution agreewith the as the coordinatetransformation(4) becomessin-
theoreticalpredictions,despitethe special treat- gular there and one single geometricalpoint is
ment on the axis of the modified polar meshused representedby N0 meshpoints.We imposethe
for the discretization.Moreover, the resultspre- conditionthat ~Pmustbe a regularfunction of r
sentedin sections3 and4 indicatethat the slopes and z at the origin. A first-order Taylor expan-
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sion of 1J’ around (r11, z0), when expressedin Appendix B. Transformation of the equilibrium
termsof (a-, O)leadsto

It is well known [9] that a singlesolution of the
~= lPc +a-p,.(0)[1k, cos 0 + ~Z sin 0] Grad—Shafranovequationcan he used to gener-

+~fa-
2). (13) ate a whole sequenceof equilibria with fixed

poloidal beta but different plasma current and
Thus,the regularityconditionforces the 4/V

8 un- rotational transform. Two transformationswhich
knowns 11’, ali’/aa-, aW/~0and a

2~it/aa-aofor leave eq. (2) unchangedare used to effect this.
a- = 0 and 0 = O~,j = 1 N

8 to be replacedby The first is a scaling:
the threeunknowns l

1~c,~‘~r and ~1&.We impose
the following conditionsby collocation on the N

8 iç,~= ~ ~ = l.LT,,d, ~ = ~ (17)
grid points for a- = 0:

The second shift of T
2:

lit= II

all, ‘-;~~= 7oId + C, (18)
= 0.

ao leaving ~ and p unchanged.Thesetransforma-
all, tions are used in CHEASEto generateequilibria

=p,(0)[ll’,. cos 0 + li’. sin 0], (14) with prescribedvaluesof either the total current
(3) or of the safetyfactor

a2ll’
=p

5(0)[— ~ sin 0 + li’. cos 0] __~ (19)
aa-ao =

q ~) 2 ~ V’,, ~ ~d p~
+ cos 0 +

1P~sin 0]. on some arbitrary flux surface~,. The existence

The functions p and T2 that define the of two transformationsalso allows specificationofT on a given flux surfacelilT.
toroidal current densityare functions of ll’/ll’n

1i1 When the total current is specified, we first
(lJ~ is negativeinside the plasma).Equation(2) is

rescale using eq. (17) with ,a = ‘spc~IfjtJ/’~ldand
then solvediteratively by a Picard method

then shift usingeq. (18) with C = 7’~,CIf/,d(ll’T) —

T

2(1If-,), where T denotesthe value after rescal-
1 dpk — I dT~— ~, (15) ing. When the safetyfactor is prescribed,we first

= —

r dli’ 2r dli’ — r shift T2 by C = ~ — 1]T2(ll~
1)and

The iteration is terminatedwhen then rescalethe solution by ,a =

where T denotesthe value after the shift.
II ll’k+ I — l’tk (16) After the transformationof the equilibrium,

<�,

II all relevantphysical quantitiescharacterisingthe
equilibrium can be computed.A list of these

where c is a predefinednumber.The norm used quantitiesis shown in table 1.
in eq.(16) is u H = [(~nodesU

2)/Nnod 1I/2es_i

The iterations are normally done first on a
coarsegrid (A~,x N

0 = 16 x 16) and later on a
more refined grid. For the coarsegrid, the centre Appendix C. Input quantities for linear-stability

codes
of the polar coordinatesis chosenas the geomet-
rical midpoint of theplasma.For the refinedgrid,
we choosethe magneticaxis of the approximate The non-orthogonalityof the stability mesh
solution as the centre of the polar coordinates. v~.
This is doneto facilitate the subsequentmapping ~ = 2 (20)
to flux coordinates(see section4).
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Table 1
Physicalquantitiescomputedby equilibrium code

Globalquantities
Total plasmavolume/2ir ~ = fnJd~’/’d

5

Volume average f=(j,,,fJ d~l-’d5)/ V1,,1
Total toroidalcurrent I,,, = f0j4,U/r) diltdX

4ir iv~’i
2

Plasmainductance 1, = J ., J d’l’d~

l,~Rr=g s-i r~
2/3

Total beta /3 = =~

2(p2)”
Fusionbeta /3* =

8lr
Po]oidalbeta [3,,,= ~

,J, rm,g

Flux surfacequantities
Volumeof ~l’= consi/2’rr V(~I’)= f’~~~i~Jd

5d~l”

Generalizedradiusof 11’ = constant p(”I’)= (V(W)/ J7~,,~)~’2

Toroidalcurrentwithin ‘I’ = constant l,~(’l’)= J.~’ 0j’~(J/r) dxd’I”

8lr q~
Poloidalbetaon ‘P=constant /3~(~l’)=— 2 f

l,,~(”l’)Rmag ‘1”’1’,,,,,

p dq
Globalshearon ~ = constant ~(iJt) = ~__q(111) dp

Localquantities

(BxV’l’) (BXV’l’)
Local shear I = — ~ c~qij

2

Magneticfield-line curvature K =

is obtained by integrating = (Xk + Xk + ~)/2 for k = 1,.. ., N~.Similar inte-
d ~ gerandhalf meshesare usedin the s-direction.

1-’ ‘l’x

rj a(ln r) C.1. ERATO
=

flit 101’ ,, For ERATO, all quantitiesof the equilibrium
~(In V li’ I) C’ (~l/) involved in the stability calculationmust be com-

— (~s+ 2) — d~, putedat thecentresof the stability meshcells. In
all’ ,~ C(li’) table 2 all quantitieswith j> 6 arecomputedon

(21) the (s
1~112,Xk+l/’1)-mesh, exceptat the plasma

edge.This is storedinto an arrayEQ(j; k; 1), for
with respectto x. The index n in eq.(21) stands k = 1,..., N and I = 1,...,N + 1.
for the normal derivativewith respectto li’, j4 is X

definedby eq.(2) and C’(ll’) is derivedfrom the c.2. MARS
periodicity condition /3,~,,(0)= 13~,~(

2ir).
The stability codes use an “integer mesh”, MARS usesfinite differencesin the radial and

with ratherarbitrarilydefinedXk suchthat 0 = Xi Fourier decomposition in the poloidal and
< ... <~ + 1 = 2i’r, anda “half mesh” Xk+ i/2 toroidal directions. All equilibrium quantities
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Table2 Table3
Input quantitiesfor ERATO Input quantitiesfor MARS

/ EO(j;k:/) j EQL(j)

I I ~ \ I
2 x~ - , . . ~ = j /3 —) +

2 ,s,
1for/+N+I,ind,sl.Iistrcefor/—\+1 I, J,i~.sI

4 X~ ~ /~F.sI 1

S s-,41 2=(s,+s,1)/2for/+N,+land.s,,12=lfor 2
~ r

6 Xi * / (xs- + ~ )/2 ~,

7 massdensity~

8 plasmapressureyp/ q,,I Vt,,,,

9 toroidalmagneticflux T 4 s — ~

II) tree I, r
II q/q,, 5
12 poloidal magneticfield ‘l’r

2 /q,, 1 6 ~, p
5

13 non-orthogonalityf3,~ 2s I V’,,~.I ‘~
14 r S

~Ilnr
2 9

IS 1(1 Jjl = —2s1‘I’,,,,, IT’(V’)
(55 II Jj~’= — J[ p’(V’)+ T( V’)T’(’P )/r1]

~5In r1 12 J,B = 2.s ‘I’,,,,, I
6 3 iB” =

14 ji(’l’)
“Li, 31n(r/J) dp

17 H = —2s ‘l’,,,,, I I~.,,I1— ~ IS —f—— = 2sJ‘I’,,,,, p’( I//)

2’!’ j~, .i~, 0 In I 1~lIt 0 In r
18 K=— ~—— —~ —p2 r i”!’ c”!’ pressed as function of the Jacobian

19 r/J

20 OIn(r2/i) I, = [(Vs ~ V~). V~]’ = 2S~J’min 1 (23)
‘1’ and

I
5JT

21 —f--s-dx ___
(5.5 5) r s = ~— = 2.s’ Vt . p~,. (24)

22 non-orthogonality/3~= 2s ‘l’~,,,, /3~with straight — rn’

field lines

where I is given by eq. (11) and f3,~ by eq. (20).
23

C.3. Ballooning stability, Mercier and resistit‘e in -
terchangecriterion

Ballooningmodesare toroidal modeswith infi-
nite toroidal mode numbern [17,18].The poten-

necessaryfor MARS are directly Fourier trans- tial energyfor thesemodesis given by
formed in the mapping. For this operation, we
apply the integrationmethoddescribedin section 1 -.-~ , a~-

4.1 to a~(n~~)=~f f — +g~~ Id~.

f(rn, n = 0) = f e~”~d~, (22) (25)
2~ V~=,~flsi,fli where ~ is the radial component of the displace-

where f represents any EQL in table 3. MARS ment vector, and x is a generalized poloidal
requires these quantities both on the half and the angle extendingfrom — to + ~. For ballooning
integer mesh. All quantities in table 3 are cx- stability, h7c, musthe positive definite on every
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flux surface.The quantitiesappearingin eq.(25) A given flux surface is stable to ideal inter-
are [17]: changesif the Mercier criterion —D1> 0, where

fT

D11P2 1~2I) = —s-, ______\ q’ 2j

B2=~FT2+JVVtJ
2],

+—~(J
5’—p’J3)(T

2J
1+J4). (28)

1 / IVV’1
4 q

j2 VVt 2 (i + B2 G2), Resistiveinterchangesarestableif —DR > 0 with
(26)

2p’ Fi aP \ TG 1 1 aP \ 1 —DR = —D
1— (H — 1)2 (29)~Tt~~J_ ~‘~‘)~‘~i’ and

x
t a~\

Tp,(

J
5(J4+T

2f)\G=~
5+f~~)dx’~ H=—~J2—

(30)
q J6+T

2J
4

P=p +

The integral (25) is solvedon the(Vt, x)-meshof The prime in eqs. (28) and (30) denotes the
ERATO by a hybrid linearfinite-elementmethod. derivativewith respectto Vt.
The infinite k-integrationinterval of eq. (25) is
replacedby a finite one specifiedas input (nor-
mally 20 x 2mrn) outsidewhich ~ is set to zero. For References
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