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HIGHLIGHTS

® New simple accurate formulas for geometric quantities for tokamak plasmas are given.
® The formulas are valid for both positive and negative triangularity.

® They are typically useful for DEMO and system codes studies.

e A formula for the trapped fraction is also given.
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Available online 25 May 2016 angularity cases. Since tokamaks with negative triangularity can be attractive for DEMO reactors [1,2],

it is important to have updated formulas. It is also shown that the combined effect of finite triangu-
larity and inverse aspect ratio was not correctly taken into account. Previous formulas were also using

?g{‘:’;ﬁf: in some cases shaping parameters at the 95% poloidal flux surface. It is shown that this is misleading
System codes and the new formulas, including I, and qes, use the effective parameters, «, 8, Rgeom, € Of the rele-
Equilibrium vant flux surface, in this case of the last closed flux surface. Only the value of the safety factor, g, is

DEMO ill-defined at the plasma edge for divertor cases, thus qos is still being used. A new global parameter,
Wy, related to the radial width of the plasma shape at 70% of the maximum height is introduced to
take into account the squareness present in most plasma shapes, in particular single-null diverted ones.
We also provide a simple formula for the trapped fraction which includes the effects of triangularity.
The trapped fraction is required for evaluating the neoclassical conductivity and bootstrap current in

particular.
© 2016 Elsevier B.V. All rights reserved.
1. Introduction and stability calculations based on a series of characteristic shapes
and profiles. The equilibrium code CHEASE [ 7| can use the following
The first steps to finding new plasma geometries and profiles, simple shape definition for the plasma boundary:

relevant for some specific objectives, consist of 0D analyses often

performed with system codes like [3-6] and refs. therein. The first ) )

basic parameters are related to the plasma geometries, like volume R=Ro +acos(f + 8sinf — & sin 20), (1)

and surfaces, which need to be characterized by a few number of

pargmeters like major radius, minor radius and.trlangularll'.cy. The 7 = kasin(6 + £sin 26), 2)

design of a new tokamak, for example, also consists of equilibrium
where Ry, a, k, 6 and £ are the plasma major radius, minor radius,
elongation, triangularity and related to the plasma squareness
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They are defined for any given flux surface including the last
closed flux surface (LCFS) and including non up-down symmetric
and diverted shapes. They are evaluated at the plasma edge, if not
indicated otherwise, as for example in Eq. (3). The aim is to obtain
the basic global plasma shape characteristics based on these param-
eters. The “previous” formulas tested in this paper and eventually
modified are the following [8,9]:
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These relations, or variants of these, have been used for the ITER
design since the end of the eighties (|8,9] and refs. therein) and are
used in present system codes for DEMO studies for example [4-6].
Other more “recent” formulas, in particular for the volume, have
been determined including the edge shaping parameters and will
be discussed as well [3,5] (using the up-down symmetric formulas
from Ref. [5] in some cases):
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L€ = 4kE(m = 1—1/k?), (11)
Syt = na’k, (12)

where E(m) is the complete elliptic integral of the second kind
and Eq. (11) is the exact formula for the perimeter of an ellipse
of elongation « (see also Appendix A).

2. Equilibria and method used

The equilibria used in this paper are shown in Fig. 1, normalized
to their geometric major radius (a) or not (b). These equilibria have
been calculated with the CHEASE fixed boundary equilibrium code
[7] with various g profiles and edge «, § values. The values labelled
“95” are values at Yrnorm = 95%, that is at a given flux surface slightly
inside the LCFS, where 1/ is the poloidal flux with the general defi-
nition given in [12]. This was first used to define an equivalent edge
safety factor for diverted plasmas, since gedge becomes infinite in
this case. The value of qg5 does represent a useful parameter, for
example when near or below 2 it is usually ideal MHD unstable.
It happens that values defined in Eq. (3) have also been defined at
Ynorm = 95%, yielding kg5 and dgs, for example for the volume of the
LCFSasinEq.(5).This is not necessary since the plasma shape is well
defined up to the last closed flux surface and is actually misleading
since they do not represent adequately the shape at ¥norm =100%
as will be seen below, but represent the shape at ¥norm =95%.

The values and formulas which will be discussed in this paper
are related to the volume inside the LCFS, V, the surface area around
the LCFS in the toroidal and poloidal direction, named Ap, the sur-
face of the plasma cross-section in the radial and poloidal direction,
named Sy, the poloidal length around the plasma cross-section Ly
and the plasma current I, yielding the average poloidal magnetic
field Bp:

:/dV:2J‘[/ lvwldlpdw (13)
Ap :27T/Rdlp, (14)
S¢ = /d6¢ :/lvlwdlpdv/, (15)
Lp :/dtp, (16)
Ipz/j¢da¢, (17)

R [m]

Fig. 1. Plasma boundaries used to compute the various quantities with the CHEASE equilibrium code. (a) Shapes normalized to Ry, (b) shapes in [m]. 16 out of 99 equilibria

are not up-down symmetric.
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Fig. 2. Previous formulas to be tested divided by the respective values obtained with the CHEASE code for: (a) Volume Eq. (5) (circles) and Eq. (9) (triangles), (b) Area A,
Eq. (7) (circles) and Eq. (10) (triangles), (c) poloidal length Eq. (20) (circles) and Eq. (11) (triangles), and (d) Plasma current Eq. (4) (circles) and Eqgs. (11) and (12) of Ref. [3]
(triangles). (For interpretation of the references to color in text, the reader is referred to the web version of the article.)
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From Egs. (6),(16) and (18) we can write the previous formula used
for Lp:

polp  4m1077I, I [MA]

B, ="10P _ _ 19

PoL 271, 5L, (19)
Lgrev _ 27ngrev’ (20)
L™ = af(kgs). (21)

We can now plot the previous formulas divided by the exact val-
ues obtained by CHEASE versus dgs5 for example. Egs. (5), (7), (20)
and (4) are shown in Fig. 2 (red circles). We see that the volume is
within 4% in the positive § range but clearly deviates at negative
triangularity and large positive §. We also see a wide spread, not
centered around 1, of the fit at zero triangularity. This is because kg5
and notk isused in Eq. (5) which under-predicts slightly the volume
as discussed below. The flux surface area also deviates mainly for
negative 8. On the other hand the value of L, is not very accurate for
both positive and negative triangularities. Finally the most striking
problem is with the plasma current, which is over-estimated by
a factor of up to two at triangularities near —0.6. The formula for
I does depend on triangularity, Eq. (4), however it has been con-
structed for positive § plasma boundaries and therefore does not
follow the correct trend at negative §. In more recent works, the
value of the edge shaping parameters has been used and we show
Egs. (9), (10) and (11) in Fig. 2 as well with blue triangles, and I,

from Eqgs. (11) and (12) of Ref. [3]. Note that even if §¢ is taken into
account in the volume, for example, the overall more recent formu-
las do not fit the data much better. Even Eq. (11), which is exact for
an ellipse and thus yields a ratio=1 for § =0, tends to overestimate
the CHEASE value for non up-down symmetric plasmas and § # 0
(Fig. 2(c), triangles).

3. Why using §, « rather than dgs, Kg5?

In the new formulas, we shall use § and « even for I,. Before
presenting the new formulas, let us see the main dependencies of
the terms considered and demonstrate why it is a better choice.
First, the volume of an ellipse is exactly given by Eq. (5) with kg5
replaced by «, and the volume, areas and length of a given flux
surface are naturally best parametrized by the values of a, Ry, § and
Kk of the respective flux surface, that is of the LCFS in particular. Let
us look at the ratio Ap/Lp using Eqs. (7) and (20):

prev

P _

W =27Ry.
P

(22)

Thus we should have Ap/(27tRoLp) = 1. This ratio is plotted in Fig. 3
versus (6€) (stars) and versus (6g95€) (open circles). First we see that
it is not equal to 1, except for §=0. Then we observe a nice align-
ment of the points using §, while it is not at all the case with §gs5. The
latter is due to the fact that the “penetration” of edge triangular-
ity and elongation inside the LCFS depend on the q profile and the
edge § in particular. We show in Fig. 4 the various q profiles used in
this set of equilibria, which are relatively standard with varying qgs
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Fig. 3. Ay/(2mRoL,) from CHEASE versus (8€) in blue stars and (dgs€) in red open
circles. In black, the line y =1 —0.32x is plotted. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of the article.)

values, and the related [;(3) [7] values, which are standard as well.
Note that I; values between 0.5 and 1.1 are expected in most sce-
narios. Positive and negative § lead to very different “penetration”
of the shaping parameters and thus very different § and « profiles
as seen in Fig. D24. Note that the ratio of k/kgs5 tend to increase
with x and § and is within 10% in this set of equilibria, except at
very high § where it reaches 20%. A difference of 10% in estimated
volume would directly reflect in a different expected fusion power
and therefore can be important in DEMO studies. On the other hand,
even if using the new formulas, an attractive solution found by a
0D system code should be checked with an equilibrium solver and
1D studies. Note that the ratio of §/895 is between 0.9 and 1.4 in the
equilibria used here.

4. New formulas

We can now determine the new formulas. Following the
observed relation between A, and L, (Eq. (22)) and Fig. 3 (solid
line) we first define:

AR = 27Ro(1 — 0.328€)Lpe". (23)

We then need to find L7®". Using Eq. (20) we start from L, ~ 27af(«)
and we plot L,/(2ma) versus elongation in Fig. 5. We see that actu-
ally it is relatively linear in the usual range of elongations [1, 2.5].
Actually the function f{x) can be fitted with a line within 1.5%

for 0.8 <k <3.1 (see Appendix A). Fig. 5 shows that 0.45+0.55« is
simpler and more appropriate, thus defining the new f"®"(x) func-
tion to be used (Eq. (A.2)). There remains a small dependence on
triangularity as seen in Fig. 5(c), leading to less than 2% deviations.
Using the more precise formula from Ramajunan for f{x) [13], Eq.
(A.1), which yields the exact perimeter for a pure ellipse (Appendix
A), reduces the scatter as seen in Fig. 5(d). However for shapes
with some squareness or up-down asymmetric shapes, it does not
reduce the error significantly.

Let us first discuss the effect of up-down asymmetry. In this
study, there are 16 equilibria out of 99 with single-null up or
down, based on typical present tokamak equilibria with posi-
tive § cases, thus as well ITER- and DEMO-like, and based on
Ref. [2] and TCV experiments for negative §. We have also used
the series of TCV experiments used to study the effect on rota-
tion of changing the X-point major radius position from HFS to
LFS [10,11] (where HFS and LFS are the high- and low-field sides
respectively). In all these cases we find that taking the aver-
age k, 6 values between the top and bottom parts, as defined in
Eq. (3) and wgy in Eq. (24), resolves the main differences with
respect to up-down symmetric plasmas. This is expected since
all the geometric quantities discussed here are the sum of the
bottom and top parts (with respect to Z=Z;s). This is of course
also why we use formulas of the form V[§] = V(1 +ad + b8%) which
yields Vigp + Vior = VI8 =(Stop + Spor )21+ Vob(Stop — Spor )2 /4, thus only
an error of less than 2% even if |§¢op — por| =0.3, for b < 1. The main
outliers in Fig. 5 are actually those with significant squareness, like
the ones in Refs. [10,11] and those with & # 0in Eqgs. (1) and (2) as
discussed below.

The effect of squareness is illustrated in Fig. 6, where three
shapes with k=1.7, §=0.4 and £=0.2, 0 and —0.3 are shown (Egs.
(1) and (2)). It is clear that these shapes have different perimeter,
surfaces and volume, although they have the same elongation, tri-
angularity and aspect ratio. Actually the yellow line reaching 1.06
in Fig. 5(c and d) and the light blue line reaching 0.97, at §=0.4,
correspond to the equilibria with £=0.2 and —0.3 shown in Fig. 6,
respectively. We propose to take the radial distance between the
points at 70% of the maximum height as a measure of the plasma
squareness. From Eqs. (1) and (2) and £=0, we see that it cor-
responds to the points at 6=arcsin(0.7)~+45° and £+135°. The
distance w7 is normalized by the value obtained with £=0:

wioP _ Rirs[Z = Zo + 0.7(Zmax — Zo)] — Rurs|Z = Zo + 0.7(Zmax — Zo)]
07 2acos[arcsin(0.7)] ’

whot _ Rips|Z = Zo + 0.7(Zmin — Z0)] — Rurs|Z = Zo + 0.7(Zmin — Zo)]
07— 2acos|arcsin(0.7)] ’
2
%
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Fig. 4. (a) Various q profiles from the set of equilibria shown in Fig. 1. (b) Internal inductance [;(3) [7] versus § for these equilibria.
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Fig. 5. Dependence of Lghea”/(Zna) versus k. (a) LCFS values, (b) profiles for each equilibrium using local flux surface values. Dashed-dotted lines correspond to f(k) =

7/ (1+«2)/2 and dashed lines to 1+0.55(k — 1). (c) Profiles from each equilibrium ofLIS"e"”/(Zna)/(] +0.55(k — 1)) versus 8. (d) Same as (c) but using f{x)Ramanyjan Eq (A1),
yielding the perimeter of an ellipse as 2maf(x) [13], better for a pure ellipse but the linear fit proposed with f=0.45+0.55« is accurate within 1% and is sufficient (see also
Appendix A). (For interpretation of the references to color in text, the reader is referred to the web version of the article.)

and averaged:

top | \\bot

Wo7 07
5 . (24)

In this way, wy7 is near 1 for small squareness and (wgp7 — 1) yields
the degree of squareness. There is a small § dependence that we
could have added into the definition, using Eqs. (1) and (2) (see

Wo7 =

o o o o o
pDow e !;

[m]

-0.1¢
-0.2}
-0.37¢

-0.47}

-0.5

Fig. 6. Shapes with R values at Z=0.7(Zin/max — Zaxis )- The distance marked “~wq7a”
is wo7(2a cos[arcsin(0.7)]) and wy7~1 in case of an up-down symmetric shape with
&£=0as defined in Egs. (1) and (2). Note that wy; is the average between the top and
bottom values for up-down asymmetric plasmas.

Appendix C), but this will be included in the resulting formulas in
any case. The relation between & and wy; for plasma shapes pro-
vided by Egs. (1)and (2)isdiscussed in Appendix C. We plot now the
value of L, divided by 2ma[1+0.55(k — 1)](1+0.0882) versus w7 in
Fig. 7. We see that there remains a relatively linear dependence
on wy7 which we can add to the final formula. This leads to the
following formulas for L7*" and thus Aj®" from Eq. (23):

L = 27a[1 +0.55(k — 1)](1 +0.085%)[1+0.2(wg7 — 1)],  (25)
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Fig. 7. L;“E“S"’/[Zna[l +0.55(k — 1)](1 + 0.088%)} versus woj.
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Fig. 9. (a) A" /Achesse (Eq. (26)) and AP’ /Achease (Eq. (7)) versus triangularity.

AW = 27tRo(1 — 0.328€)LIEY. (26)

Fig. 8 shows the comparison with the CHEASE results of the
new formula for L3¢ (stars) versus §, yielding less than a 2% error,
as compared to the previous formula having up to 12% errors (Eq.
(20)). We also show the basic straightforward relation:

Lgasic =2ma[1+0.55(k — 1)], 27

1-0.2508¢
1z - — = (1-8/3m) &
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Fig. 11. Vehease (27R,S,)/(1 — 0.258€) vs S¢€.

in Fig. 8 with triangles leading to a 5-6% error (same overall
accuracy with Ramanujan’s formula). Note that the (1+0.0852)
dependence is illustrated in Fig. 5(d) and appears a bit too strong.
However, once the dependence on wyy is taken into account, the
resulting term does follow this 6 dependence. This is because there
is a small § dependence in wy; as mentioned earlier and can be ver-
ified by the fact that there remains no significant § dependence in
Fig. 8 (stars). In Fig. 9, we show the comparison for Ap, comparing
Eqgs. (26) (stars) and (7) (circles) with the CHEASE results. The new
formulas for L, and A, are better and accurate within 2%.

Let us now look at the volume (Eq. (13)) and poloidal cross-
section surface Sy (Eq. (15)). Again from the formulas valid for an
ellipse, we expect V=272a?Rok and S, = wa®«, thus V/Sg = 2Ry. We
plot in Fig. 10 the value from CHEASE of V/(27RoSy) versus § €, for
both the edge values (a) and the profiles for each equilibrium using
the local values (b). We see that it is not equal to one, except for
zero triangularity, and follows well a linear dependence versus (§¢€),
as seen previously for Ap/L,. We also show the dashed line corre-
sponding to Eq. (9) with 1 — 8/3 ~ 0.15 yielding a slightly different
dependence on €. Fig. 11 shows that the following fit provides the
volume from the cross-section within less than 2%, even for the
special outlier shapes:

VI = 27Ro(1 — 0.258€)S5". (28)

Looking now at the surface S¢/(71a2/<), we find that it is also
essentially linear with wg; as seen in Fig. 12, for both the edge

1-0.2508¢

[v/ (278 S,)1 (p)

(b)
0.85
-0.5 0 0.5

de

Fig. 10. Vehesse|(277RyS,) vs 8¢ for the equilibria considered ((a) edge values, (b) profiles for each equilibria). Again, there remains a relatively strong dependence on both §

and ¢, different from (1 — 8/37) used previously.
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Fig. 13. (a) S;‘f""/sa‘f’e“SE (Eq. (29)) and SZ""’/S;;’E"” (with S;re" = 7a%kgs) Versus tri-
angularity. Note that using wa%k leads to values mainly between 1 and 1.15, so not
better on average than a2kgs since it is over-estimating the cross-section area for
& # 0orwgy # 1 (similarly for the volume as seen in Fig. 2(a)).

values (a) and the profiles (b). We can therefore define the new
formula for the surface S as follows:
SV = mak[1 + 0.52(wy7 — 1)], (29)

with wy7 defined by Eq. (24) as before. The ratio with the CHEASE
values is shown in Fig. 13 versus § and compared to the previous

1.1
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Fig. 14. (a) Vew|ychease (Eq. (28)) and VPrev[Vehease (Eq, (5)) versus triangularity.

formula taken from Sgre"=vp”“’ |(27tRo)=1ta? k95 (Eq. (5)). We see that
Eq. (29) is quite accurate and we get the same for the volume
(Fig. 14), new fits within 2% of the CHEASE results. Note that the pre-
vious formulas did not take into account the effect of squareness. As
mentioned above, more recent formulas do take into account the
effects of &€, as well as using the local values instead of the values
at Yrnorm = 95%. However the present new formulas are shown to be
more accurate also for positive 8. Looking closer at the formulas for
Ap and L, in Ref. [5], first we note that E1(«) = 2/7 kE(y/1 — 1/k?2)
can be approximated by 0.55« +0.45 as demonstrated above, which
means that L%, Eq. (27), is actually the same as Eq. (13) of Ref.
[5] since ®&; ~ 1 with the above approximation. Similarly, one can

show that arcsin( \/1 —1/k2)/ \/1 — 1/k2 can be approximated by
«/(0.65k +0.35) which yields Ap/Ly/(27Ro )" ~ 1 —0.19 8¢, almost
independent of « for k > 1.4. It confirms that the main dependence
is on 8¢ although with a different coefficient from the value 0.32
found in Fig. 3.

We can now look at the formula for the plasma cur-
rent or equivalently for qgs. From the cylindrical definition,
we have (g =2maBy/2mRoBp =aLyBo/Rotolp. One has also used
eng =5Boa®k[Rolp as characteristic safety factor, identical to eyl
taking L, =2makx and which has similarities with Eq. (4). Starting
from these considerations, we obtain the following formula for gg5
and I,[MA]:

new 4.1a2By

B 12
qge” = 7R01p,MA [1+1.2(k—-1)+0.56(k —1)°]

* 9o (new)
O qgs(prev)

q95 . fit/q% ,chease

Fig. 15. (a) qgg‘”/qg’;f““ versus 4, using I, from the respective CHEASE equilibrium.
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Fig. 16. (a) I;ew/lg'w“‘f versus 4, using qos from the respective CHEASE equilibrium. (b) Zoom of the y-axis close to 1.

1+ 0.456¢
2\ T VIO _
X (1+0.098 +0.166?)5—-—7=[1 +0.55(wo7 — 1)},
(30)
4.1a2By 2
new __ -7 U _ _
P MA = Rodos [1+1.2(k —1)+0.56(k — 1)7]
x (1 +O.096+0.1682)%[1 +0.55(wg7 — 1)].
(31)

The ratio of qg5 over the CHEASE values are shown in Fig. 15 and
similarly for the plasma current in Fig. 16. It shows that Egs. (30)
and (31) are accurate within 10% for the cases considered here over
the wholerange of triangularities, including in particular negative 8.
The fit has been constructed such that the dependence of each term
isrecovered individually. This is shown in Appendix B, Fig. B21. For
example, using Eq. (30) without the k term, shows a dependence
versus k of (1+1.2(k — 1)+0.56(k — 1)2) (Fig. B21(a)). This allows to
naturally take into account non up-down symmetric plasmas, as
discussed earlier, and ensure realistic dependencies. We have tried
to minimize coupled parameters and have checked that it does not
lead to more accurate formulas.

For completeness, we verify the last formula for the average Bp,
by comparing the result using the new formulas for I, (Eq. (31))
and L, (Eq. (25)) introduced into Eq. (19) with the direct result
from CHEASE:Bghedse = Mo%ﬁffje /Lghease, We see that they follow
one another within 10% over a large range.

t,chease
[«
5

f

o B N W b

0 0.5 1

Bp,chease

Fig. 17. Bj*" versus B;"em using the CHEASE qg5 value of the respective equilib-
ria and the formulas for ;¥ and Ly*™, Egs. (31) and (25), to calculate By =

ol /14,
***Fig. 17

5. Trapped fraction

The trapped fraction f; is defined by:

]/Bmax
3 i,
f =1~<Bz>/
t a A [

V1= AB)’ (32)

[=]
o]

t,new
o o o o o
FNT T |

w

o
(=T ]

0 0.5 1

t,chease

Fig. 18. (a) Trapped fraction profiles from CHEASE for the various equilibria versus §. (b) Trapped fraction from Eq. (34), using the local values, versus the CHEASE calculation.
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where (-) means the flux surface average. It is known to be impor-
tant for the calculation of the bootstrap current density [14],
however it is the generic cause of neoclassical effects. In particular
it is important for the plasma conductivity, therefore loop voltage
and flux consumption. In this respect, let us note that it is good

introduced, wyy, related to the distance along the major radius of
the flux surface at 70% of the maximum height. This enables to take
into account the squareness, for example, of the flux surface which
is present in diverted geometries as well, in particular near the X-
point. The new formulas are detailed in this paper and summarized
here for convenience:

L% — 27a[1 + 0.55(k — 1)](1 + 0.0882)[1 + 0.2(wo7 — 1)],

Anew — 27Ry(1 — 0.328€)L1eV,
Ve = 27Ro(1 - 0.258€)S1V,

S;ew — 7'[(12/([1 +0.52(wp7 — 1)],

4.]0230 2 1+ 0.4568¢
new _ _ _ 2 _
pMA = Rodes [1+1.2(k —1)4+0.56(k —1)“](1 +0.096 + 0.166*) 120 74¢ [1+0.55(wg7 —1)], 36)
4.1(1230 2 1+0.458¢

new _ _ _ 2 _

Qos" = Roly.a [14+1.2(k —1)+0.56(k —1)“](1 +0.098 + 0.166) 120 74¢ [1+40.55(wq7 —1)],
IT!CW

Bnew _— p

P 5(Lgew/27'[)’

. 1€y 1-€

=min |1 - ;1.

ft [ 1+21/6€ff 1+€ ]
Acknowledgements

to include the bootstrap current formulas [14] inside the system
codes, since fusion reactors will require a high bootstrap fraction.
It is even more important to include the neoclassical conductivity
as given by the similar formulas and to use the improved Spitzer
conductivity, also given as simple fits of accurate simulations in
[14]. These formulas require the trapped fraction, which can be dif-
ficult to calculate. We have recently extended a formula first given
in [15] to include the effect of triangularity [16]:

€ef = 0.67(1 — 1.4818))e, (33)
1€ 1-€

=1- , 34

fi 152 /e \ T7e (34)

fi = min(1, fy(Eq. (34)). (35)

The trapped fraction profiles for the equilibria studied in this
paper are shown in Fig. 18(a) versus triangularity. In Fig. 18(b) we
show the new formula, Eq. (34), versus the CHEASE f; profiles. They
follow one another within 10% over a wide range, with cases almost
up to 1.1t can even be used for 3D geometries with appropriate local
parameters and with not too pronounced 3D equilibrium effects
[17].

6. Conclusion

New formulas have been derived for the main geometric quanti-
ties, including the trapped fraction, as well as the relation between
plasma current and safety factor, to be used for example in 0D
system codes [1,2]. These formulas are valid over a wide range
of parameters, in particular at negative triangularity and various
aspect ratio. Even at standard triangularity and qgs values, the new
formulas are more accurate. They remove in particular the system-
atic error introduced by using the geometric parameters like x and §
atthe Yrnorm = 95% flux surface. Edge values are now used to describe
the last closed flux surface, being diverted or limited, up-down
symmetric or not. Recent formulas were using appropriate edge
parameters, however we have shown that the clear main depend-
ence of Ap/Lp and V/[Sy on (8€) is better taken into account in the
new formulas. Nevertheless even the cross-section area is not suf-
ficiently well represented by S = ma?k. A new parameter has been

This work was supported in part by the Swiss National Science
Foundation. The author would like to thank Drs. M. Kikuchi and D.
Chen for useful discussions and for motivating these studies. Dr. S.
Yu. Medvedev is thanked for providing DEMO-like equilibria.

Appendix A. Perimeter L,

Accurate formulas for the perimeter of an ellipse have been
developed by Ramanujan [13]. The less complicated, yet very accu-
rate, formula is given by:

freyRamanuian _ q 500 4 1) — 0.5/(3k + 1)(k +3). (A1)

We have noticed that this relation is almost linear with « in the
typical tokamak range. We compare the previous function f(«x) (Eq.

(8), with k instead of kg5) and the new proposed formula:
F)™ =1+ 0.55(k — 1). (A.2)

They are shown in Fig. 19 divided by Eq. (A.1) versus elongation. It
shows that the new relation, Eq. (A.2), is accurate within 1.5% for

1.06

£ (x) /fkR

(1+O.55(K—1))/fkR/

1.05

1.04

1.03

1.02

1.01

i,

¢.99

0.98

=
[uy
w
28]
38
w
w

Fig. 19. Previous form of f(k)=+/(1+«2)/2, Eq. (8) and new form
flk)"ew =0.45 +0.55« divided by Ramanujan formula fkg given in Eq. (A.1).
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Fig. 20. Profiles for each equilibrium of L, /(27af(x)) with either (a) f{x)™", Eq. (A.2) or (b) flx)Remanujan Eq_(A.1).

k between 0.8 and 3.1. The previous form, Eq. (8), is less accurate.
Note that f{x) is simply the approximation of 2/w E(m=1—1/k?)
with E(m) the complete elliptic integral of the second
kind.

We can compare with the values of L, obtained by CHEASE.
Fig. 20(a) shows L,/(2mafik)") versus « and (b) shows
Lp/(2maf(ic)Ramanujan The i dependence is better extracted with Eq.
(A.1), however the gain of 1-2% does not resolve the deviation due
to the squareness or to up-down asymmetry, leading to errors of
order 4-6%, as discussed in the main text.

Appendix B. Test of I, qo5 formula

We test the formula for g5, hence of I,. For each term in Eq. (30),
the fit without the relevant term is compared to the CHEASE values
and shown versus its dependent variable in Fig. B21, including the
relevant line. For example:

new,nok _ 4-‘lazBO
95 Rolp, ma
X [1 + 055(W07 - 1)],

1+ 0.456¢
1-0.74¢

(1+0.098 + 0.168%)
(B.1)

is plotted versus «, including the line [1+1.2(k —1)+0.56(x — 1)?]
(Fig. B21(a)). We see that the fits follow relatively well the data.
Improvements would require the knowledge of the current density
profile, using [; for example. However the fit is already accurate
within 10%. One should directly use a code like CHEASE [7] if a
better accuracy is required, since it can calculate all the quantities
very fast.

Appendix C. Relation between & and wy; using Egs. (1) and
(2)

Many codes actually use Eqgs. (1) and (2) to define the plasma
boundary. Thus one can obtain the value of wy; relatively easily.
First we show in Fig. C22(a) the relation between wgy; and & for
shapes defined by Egs. (1) and (2) and with 1<x<3, —0.8<§<0.8
and —0.5<£<0.65, the latter being the maximum limits for £&. We
see that the relation is not symmetric and saturates at small positive
values of £ because the shape is already very “square”. We also see
that there is no dependence on «, as expected, and little depend-
ence on 4. The solid line is obtained from the analytical formula

presented here below. First we note from Eq. (2) that the angle 9?;5

at which Z=0.7 Zqx must satisfy:

007

07 + & sin20%% = arcsin(0.7). (C.1)

Assuming 09% = arcsin(0.7) + « with  small (note that =0 for

£=0) and taking the LFS solution, we obtain:

1-4/1+48&2
4 ’

We check this result in Fig. C22(b) where we plot the sin() of the
left-hand side of Eq. (C.1), using Eq. (C.2), divided by 0.7, which
should yield 1. We see that it is accurate within 1.5%. Using this
solution we can evaluate wg7 from Egs. (1) and (24) and taking first
§=0. We obtain:

907

[rs ~ arcsin(0.7) + (C.2)

anal,5~0 _ cos[097 — &sin(26007)] (C3)
07 \/ﬁ ) .

with 00% given in Eq. (C.2). This is the solid line shown in Fig. C22(a)
which follows very well the points for § =0 (stars) over essentially
the whole range of &. The other points are obtained with §=+0.5
and £0.8. Calculating again wg7 from Egs. (1) and (24) but taking
£=0 this time, we obtain:

0.49
2
It yields a reduction with & as seen from the points being below the

solid line in Fig. C22(a). We thus obtain the following full analytical
formula for wy; by multiplying Eqs (C.3) and (C.4):

witdE=0)~ 1~ 82. (C4)

goal = coslfs — £ sin(201) {1 _ 049 52} . (C.5)
v0.51 2

We show again wyy versus £ in Fig. C23(a) but zooming near £=0
and adding the analytical line with § =40.5 and +0.8. In Fig. C23(b)
we show wy7 versus triangularity for various values of £&. We see
that the analytical formula is very good except at high § and high
positive &.

Appendix D. Elongation and triangularity profiles

For completeness we show the x and § profiles of the various
equilibria used in this study in Fig. D24. For a same edge « value, the
elongation on axis can be very different, in particular for negative
versus positive § cases.
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Fig. D24. § and « profiles versus “minor radius”, with € the local inverse aspect ratio of the respective flux surface, for each equilibria shown in Fig. 1.
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