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Derivation of the -wrelationship
for SFRC from prism bending tests

The material characterization of steel fibre-reinforced concrete
(SFRC), which is required for its implementation in design codes,
should be based on nominal properties that describe its post-
cracking strength in tension. In the case of brittle and quasi-brit-
tle materials, such as concrete, the tensile parameters are often
derived indirectly. However, for materials with more ductility,
such as SFRC, there is conjecture as to whether or not an indirect
measure may be used to establish the stress versus crack open-
ing displacement relationship, such as the use of a three- or four-
point prism test combined with an inverse analysis. In this paper
a simple and efficient inverse analysis technique is developed
and shown to compare well with data obtained from direct ten-
sion tests. Furthermore, the methodology proposed by the fib
Model Code for Concrete Structures 2010 has been investigated
and recommendations made to improve its accuracy.

Keywords: steel fibre, concrete, inverse analysis, bending, uniaxial tension

1 Introduction

Research in steel fibre-reinforced concrete has a history of
about 50 years [1] and its adoption in practice is develop-
ing. It is well established that the strength of unreinforced
concrete in tension reduces quickly to zero after cracking.
In steel fibre-reinforced concrete (SFRC) the fibres are ca-
pable of bridging cracks and transmitting tensile force
across them to enhance the post-cracking tensile behav-
iour.

One limitation in developing rational design models
for SFRC in members and structures is the complexity of
the test needed to characterize the fundamental tensile
strength properties of the material, i.e. determining its
post-cracking, or residual, tensile strength. Prior to crack-
ing, the characteristic behaviour of SFRC in tension is typ-
ically represented by its stress-strain response. After crack-
ing, behaviour is described by the stress versus crack
opening displacement (c-w) relationship (Fig. 1). The c-w
response can be obtained through a uniaxial tension test
or possibly by an indirect method using three- or four-
point bending tests on prism beam specimens in conjunc-
tion with an inverse analysis that assumes some prede-
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fined deterministic relationship. This is summarized in
Fig. 2, where CMOD is the crack mouth opening displace-
ment as measured across the notch at the extreme tensile
fibre in a flexural prism test.

Although a direct tensile test is the most reliable
method for determining the residual (post-cracking) prop-
erties of SFRC [2-4], it is expensive. It requires specialized
testing machines and can be time-consuming in its prepa-
ration. For this reason, extensive efforts have been made
to find a reliable model for obtaining the post-cracking be-
haviour based on an inverse analysis of data obtained
from either notched or unnotched prism bending tests
[5-8]. However, although this methodology has been in-
corporated in the fib Model Code for Concrete Structures
2010 [8-10], the test data available at the time for full vali-
dation was somewhat limited [11].

Fig. 1. Stress versus crack COD (w) for SFRC
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Fig. 2. Approaches to determine the tensile properties of SFRC
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In this paper a physically based model is developed to
predict the tensile response of strain-softening SFRC from
prism bending tests. To validate the model, tests were con-
ducted for six series of matched uniaxial tension and prism
bending tests for various fibre types and ratios, and for dif-
ferent flexural prism testing arrangements. The results of
these matched tests are reported here and the model pre-
dictions presented. Finally, based on the model described,
a o-w relationship for the post-cracking residual tensile
strength of SFRC for use in design is proposed. The mater-
ial law is compared with test data collected in this study
and elsewhere, also with predictions obtained using the fib
Model Code 2010 approach, and conclusions are drawn.

2  The o-wmodel for SFRC
2.1 Determination of contribution of fibres to strength
of SFRC

Fig. 3a shows the cross-section of an SFRC prism cracked
in bending, where D is the total depth of the prism, kg, the
depth minus the notch depth, d,, the depth from extreme
compressive fibre to neutral axis and b the width of the
prism. On the compression side (Fig. 3b), the neutral axis
rises in the section as the crack opens; on initial cracking
the stress block is linear, becoming non-linear as CMOD
increases. The lever arm z (Fig. 4) is insensitive to the
shape of the compressive stress block, however, and it is
sufficiently accurate to assume the stress block to be linear
throughout the analysis.

For a small length on the tension side of the neutral
axis (Fig. 3b), the concrete is uncracked and carries ten-
sion. At greater distances from the neutral axis, the con-
crete is cracked and the steel fibres carry a tensile stress
f(w) that corresponds to a direct tensile stress for a crack
opening w at the level in the section under consideration.
Assuming that i) the tensile component of the uncracked
concrete can be ignored, ii) the crack width is directly pro-
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(a) Section (b) Stresses (c) Simplified
at crack Model

Fig. 3. Model for inverse analysis of 6-w curve from prism bending tests

Fig. 4. Stresses at cracked section for SFRC prism in bending
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portional to the distance from the neutral axis (rigid body
rotation) and iii) the c-w relationship is approximately lin-
ear over the range of crack widths of interest [12, 13], the
tensile stress block can be simplified as shown in Fig. 3c.
The stress on the 6-w curve for the average crack opening
displacement (COD) between the root of the notch and
the crack tip is denoted as f,,, and is calculated as follows:

o = + 1272 @

where f,; is the stress for w = 0 and f,, is the stress at the
notch root.
From the sectional stress blocks (Fig. 4)

T=fdb 2)

The centroid_of the tensile stress block measured from the
neutral axis d, is

gr — frl gfzfﬂ dr (3)

and taking f,; = f,(1 + o) and f,, = f,,(1 - &), Eq. (3) be-
comes

d-3-2y, )

The shape of the compressive stress block (Fig. 4) changes
from elastic to inelastic and depends on the compressive
strength of the concrete and the state of loading. When
elastic, the stress block is triangular and its centroid is po-
sitioned 0.67d,, above the neutral axis (NA). If fully inelas-
tic, then using the parabolic-rectangular stress-block mod-
el of fib Model Code 2010 [10], its centroid is 0.60d,, above
the NA. For the case of the NA located at 0.2k, the in-
ternal lever arm changes from 0.92kg, to 0.93k,, a <1 %
difference. In this paper the height of the stress-block cen-
troid above the NA is taken as 0.64d,,. Thus, from equilib-
rium (M = Tz) we can write

F _
7“ =f,db(0.64d +d) (5)

where F is the externally applied force and a is the shear
span (see Fig. 5). From geometry

d,=hy,-d, (6)

Examination of Egs. (4) to (6) reveals that we have three
independent variables (f,, d,, and o) and two dependent

‘ % . ‘ a F2 F2
I e S
) ! drn ol ! b

3-point bending 4-point bending

Fig. 5. Forces applied to three-point and four-point bending prism specimens
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variables (d,, d,), with one independent equation (Eq. (5))
to solve. The problem is two-fold indeterminate and the
solution thus intractable.

Eq. (5) may be written as

kk,2M  kk,Fa
f =M _ 7)
“ hszpb hszpb

where k is a function of d,,/hg, and o (k1 > 1), and can be
determined from Egs. (4) and (5) as

_ 3
=50 085+ wp]p ®)

where B=1-d,/hg,.

Coefficient k, is included in Eq. (7) to account for
the influence of the notch on defining the crack path and
the resulting influence on the measured tensile strength,
as described in [14]. For the case of unnotched specimens,
the critical crack will find a path of least resistance and
failure occurs at sections where fibre distributions are at
their lowest and thus the equivalent fibre dosage at the
failure section is less than the average fibre dosage for the
specimen. By contrast, in notched specimens the location
of the failure plane is predefined by the location of the
notch and the fibre volume fraction at the failure section
will, on average, equal the supplied fibre dosage for the
specimen. To convert the results of notched prism tests
to those of unnotched uniaxial tensile tests, the factor
ko = 0.82 is applied, as described in [14, 15].

We shall now look more closely at parameter o and
the location of the neutral axis depth d,,. In Fig. 6 the val-
ue of ky is plotted for different values of d,/hg, and vary-
ing o. The figure shows that over the range of interest k;
at 1.2 £ 20 %, is relatively insensitive to the combination
of o and d,,. Hence, the determination of f, is somewhat
insensitive to the values selected for o and d,. Taking
a=0.2 and d;, = 0.2hg, results in ky = 1.25 and kik;y = 1.
This is similar to the value determined in [8, 11] for the
case where = 0.2 and d,, = 0.2k, and where the notch
effect is ignored (i.e. ky = 1.0).

To determine the crack opening displacement corre-
sponding to the calculated value of f,,, we assume i) rigid
body rotations of the two prism halves centred about the
crack tip and ii) failure occurs along a single dominant
crack. The COD (w) for our o-w curve is obtained from
the measured crack mouth opening displacement
(CMOD) as shown in Fig. 4:

cmop (b, -d,)
W=y -4, ©

In Fig. 7 the ratio w/CMOD from Eq. (9) is plotted against
the ratio d,/hg, for prisms with hg,/D = 0.83 (as per
EN 14651 [9]) and hg,/D = 0.70 (as per JCI-S-002 [16]) and
normalized against the value calculated for d,, = 0. For the
EN 14651 [9] testing configuration, the change in the ratio
w/CMOD with hg,/D = 0.83 is 10 % from the condition
soon after cracking (taken at d,/hs, = 0.4) to the time
when the neutral axis is high in the section. For the JCI-
S-002 configuration [16] the change is 17 %. Again, the re-
sults are somewhat insensitive to the neutral axis depth.

1.60

1.40

= 1.20

1.00
i a=0.0
0.80 1 1 1 L | 1 1 1 1 | 1 1 1 1
0.00 0.10 0.20 0.30
dnlhsp

Fig. 6. Ratio of the internal tensile force to the external applied force versus
the neutral axis depth ratio d,/hg, for various values of o
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Fig. 7. Ratio of w/CMOD versus d,,/hs, for prisms with hg,/0=0.83 and
hg,/D=0.70

For design, an appropriately conservative value is recom-
mended and entering d,, = 0.3k, in Eq. (9) results in

CMOD x 0.35h,,
w =
D -0.3h,,

(10)

22 Stress-COD relationship for SFRC

The strength of the composite for a given COD can be de-
termined from

o(w) = o (w) + af(w) (11)
where o.(w) is the concrete component for a given COD,
including any beneficial coupling effect that the fibres
might have on the matrix, and o) is the nominal stress
carried by the fibres. In the prism tests, during the early
stages of the test post-cracking, consideration of the ma-
trix component is significant when interpreting the result-
ing moment versus CMOD response. At later stages of the
test, the influence of the matrix component is less signifi-
cant and may be obtained from Eq. (11), taking o (w) = f,,
for the COD (w) given by Eq. (10). This response is depict-
ed in Fig. 8, with a transition zone between the cracking
point CMOD, and a point CMODywhere the influence of

Structural Concrete (2015) 95
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Fig. 8. Simplified approach for the transition in the moment-CMOD re-
sponse of the prism test being influenced by the uncracked concrete
component to the stress block to the point where the uncracked concrete
component is insignificant

the uncracked concrete on the moment-CMOD response
may be considered to be insignificant.

Voo and Foster [17] and Foster et al. [18] observed
that the take-up, or engagement, of fibres is delayed from
the initial point of cracking, with the length of the delay
dependent on the angle of a fibre with respect to the
cracking plane, and with the complete response deter-
mined by integrating the individual fibre responses. The
result of this is a progressive take-up of the fibres compo-
nent from the initial point of cracking to a peak, as shown
in Fig. 1. To develop the first part of the curve, we take the
fibres component to be
ow)=C(@)f, (12)
where f,, is obtained from Eq. (9) and {(w) is a transition
function. In this paper we adopt an elliptical transition
function:

_ (wp —w)?

2
wr

1 ifw<w,

¢(w)= (13)

1 ifw>w;

where wr (see Fig. 1) is the point on the o-w curve where
the fibres have achieved their maximum effectiveness. It
should be noted that this transition only influences the
initial part of the response after cracking and is not overly
significant in the development of a simple design ap-

Table 1. Mechanical properties of SFRC mixes

proach for determining the residual direct tensile strength
from prism bending tests.

For plain concrete, the tensile softening stress can be
taken as [17, 19-21]
o (w)=cf.e " (14)
where f.; is the tensile strength of the concrete without fi-
bre reinforcement and c; and c, are coefficients. Coeffi-
cient ¢; accounts for any beneficial effect of the fibres on
the peak matrix strength and c; is a factor that controls the
steepness of the descending branch and is influenced by
the volume of fibres and the cementitious matrix composi-
tion. For Mode I fracture, Voo and Foster [17, 19, 22]
adopted c; as unity. For ¢,, Ng et al. [23] proposed the fol-
lowing:

o =30/(1 + 100py)

... for mortar and concrete with a, < 10 mm (15a)
¢y =20/(1+ 100py)
... for concrete with @, > 10 mm (15b)

where a, is the maximum size of the aggregate particles.
3  Experimental validation

Specimens were cast for direct tension tests and notched
prism tests using six SFRC mix designs. The SFRC mixes
were fabricated using two types of commercially available
steel fibres: end-hooked (EH) Dramix® RC-65/35-BN
cold-drawn wire fibres and OL13/0.20 straight (S) high-
carbon steel fibres, both manufactured by Bekaert. The
EH fibres were 0.55 mm in diameter, 35 mm long and had
a tensile strength of 1340 MPa. The S fibres were 0.2 mm
in diameter, 13 mm long and had a tensile strength
> 1800 MPa.

The tests are categorized in two series: series AM
and series DA. The fibre volumetric dosages adopted in
this study were 0.4, 0.5, 0.8 and 1.0 % for the EH fibres
and 0.5 and 1.0 % for the S fibres. The aggregate used was
basalt with a maximum particle size of 10 mm.

The compressive strength characteristics of the con-
crete used in the study were determined from 100 mm
diameter x 200 mm high cylinders tested after 28 days of
moist curing at 23 °C; the results are summarized in
Table 1. The mean compressive strength f., was deter-
mined from three cylinders tested with load control at a
rate of 20 MPa/min, as per AS1012.9 [24]. The modulus of

Mix Fibre type Fibre vol. (%) fern (MPaQ) Iy (mm) d; (mm) E, (GPa) fet (MPa)
DA-0.5-EH end-hooked 0.5 56.2 35 0.55 33.0 3.85
DA-1.0-EH end-hooked 1.0 60.1 35 0.55 315 3.92
DA-0.5-S straight 0.5 63.7 13 0.20 34.7 4.03
DA-1.0-S straight 1.0 63.0 13 0.20 35.8 4.30
AM-0.4-EH end-hooked 0.4 61.3 35 0.55 33.5 4.15
AM-0.8-EH end-hooked 0.8 63.8 35 0.55 34.0 4.52

96  Structural Concrete (2015)
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elasticity E, was obtained in accordance with AS1012.17
[25]. The tensile strength of the matrix f., was obtained
from dog-bone tests (described below).

The uniaxial tensile test was conducted on hour
glass-shaped “dog-bone” specimens with the shape intro-
duced by van Vliet [26]. Fig. 9a shows the specimen size
and test setup details adopted in this study. Four speci-
mens were cast and tested for each of the DA mixes; six
specimens were cast and tested for each of the AM mixes.
The specimens were filled using the procedure outlined in
[9], i.e. the centre portion of the mould was filled to ap-
prox. 90 % of the height of the specimen, which was then
followed by pouring of the ends. The moulds were com-
pacted using a vibrating table.

The dog-bone specimens were tested in an Instron
servo-hydraulic universal testing machine (UTM). Prior to

t t

Universal
joint
ol | ,
125
ey H = LE”HL\EP !
threaded rod

a) *P

e
1
i

Fig. 9. Details of uniaxial tension test specimens: a) specimen dimensions,
b) displacement transducer locations

230

casting, four 16 mm threaded rods were embedded
100 mm in each end of the sample. Upon testing, the spec-
imen was bolted to end plates and connected to the UTM.
One end of the test arrangement was connected to the
testing machine through a universal joint, the other
through a fixed platen. This arrangement was used to en-
sure that no stresses were transferred to the specimen dur-
ing the connection to the UTM. To measure the COD, two
LVDTs were attached to the north and south faces and
two LSCTs on the east and west faces of the specimen.
The gauges were centred on the specimen and had gauge
lengths of 230 mm (Fig. 9b). Loading was applied using
displacement control, initially at a rate of 0.12 mm/min,
until the formation of the dominant crack. After cracking,
the rate was increased to 0.2 mm/min, with additional rate
increases introduced as the test progressed.

The notched three-point beam tests were performed
on two different prism sizes for the DA series: 150 x 150 x
500 mm long prisms, with a notch depth of 45 mm and
spanning 456 mm, and 100 x 100 x 500 mm long prisms,
with a notch depth of 30 mm and spanning 400 mm (as
per [16]). For the AM series, the prism beam tests were per-
formed on 150 x 150 x 600 mm long prisms, with a notch
depth of 25 mm and spanning 500 mm, and tested to
EN 14651 [9]. The notches were cut with a diamond-
tipped saw-blade. In the DA series of tests, two prism tests
were carried out for each specimen size and test configu-
ration; for the AM series of tests, six specimens were cast
and tested for each fibre dosage.

The prismatic specimens were tested using a closed
loop test system by attaching a clip gauge to the underside
of the beam at the notch to measure and control the
CMOD at the extreme tensile fibre. The test was operated
such that the CMOD increased at a constant rate of
0.05 mm/min for the first 2 min and then increased to
0.2 mm/min until the CMOD reached 4 mm for the DA
series of tests and 13 mm for the AM series of tests.

4 Test results

The experimental results for the uniaxial tests are present-
ed in Fig. 10; the points plotted on the axes of the figures
are the tensile strengths of the matrix, with the averages
for each series given in Table 1. The fracture processes of
all the specimens consisted of three key stages. The first
stage involved the formation of meso or hairline cracks
< 0.05 mm wide; once initiated, the crack propagated
along the weakest cross-section along a surface. At this
stage the peak stress had been reached. This was quickly
followed by a sharp reduction in load, coinciding with a
significant opening of the crack, as the elastic strain ener-
gy stored in the specimen and testing rig was recovered.
Thus, no displacement data is available between the peak
load and that corresponding to the stabilized crack. It was
observed, however, that the initial load after cracking had
dropped below that of the peak residual strength of the
SFRC specimens with low fibre dosages. The results are
presented in Table 2 to highlight the in-plane and out-of-
plane rotations of the uniaxial specimens at an average
COD equal to 1.5 mm. After the crack had stabilized, the
load again increased as the fibres became engaged. The
long tail of each curve reflects the progressively smooth

Structural Concrete (2015) 97
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residual capacity of the specimens. Soon after cracking it
was clear that the concrete provided no contribution to
the tensile strength and that the strength was due to the fi-
bres alone. Following the conclusion of testing of uniaxial
specimens with end-hooked fibres, the number of fibres
crossing the plane of the dominant crack was recorded.
The results are presented in Table 3.

The experimental results for the prism bending tests
are shown in Fig. 11. Three distinct phases describe the re-
sponse of the three-point notched bending test: i) an elas-
tic phase up to cracking, ii) a flexural hardening response
up to peak load and iii) a reduction in load with increasing
CMOD.

Before comparing the results from the inverse analy-
sis of the bending tests, the uniaxial test data needs to be
compensated for the boundary (wall) effect. The presence
of a boundary restricts a fibre from being freely orientated
[23, 27-30]. An orientation factor k, must be applied to the

98  Structural Concrete (2015)
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10. Uniaxial test results: a) mix DA-0.5-EH, b) mix DA-1.0-EH, ¢) mix DA-0.5-S, d) mix DA-1.0-S, e) mix AM-0.4-EH, f) mix AM-0.8-EH

uniaxial test results to remove this influence, thus convert-
ing the results to those of an equivalent 3D fibre distribu-
tion free of boundary factors. For an element approxi-
mately square in section and tested in tension, as is the
case in this study, the boundary influence found in Lee et
al. [30] can be approximated as follows:

k,=0.5< (16)

1
=<1
0.94 + 0.61,/b

It is worth noting that for the prism tests, the wall effect is
largely mitigated by the influence of the notch at the bot-
tom and compressive region at the top; in this case only
the side walls provide significant influence and the wall ef-
fect can be approximated as a 2D problem. For the case of
prism tests, provided that [;/b < 1, the boundary influence
factor may be adapted from the 2D approximation of Ng
et al. [23] as
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Table 2. LSCT readings from uniaxial tests at COD = 1.5 mm

Dog-bone ID North (mm) South (mm) East (mm) West (mm) Out-of-plane In-plane
rotation (rad) rotation (rad)
DA-0.5-EH-1 1.79 1.23 112 1.85 0.00361 -0.00298
DA-0.5-EH-2 1.32 1.67 1.26 1.76 -0.00226 -0.00204
DA-0.5-EH-3 -0.12 3.15 2.14 0.83 -0.02109 0.00535
DA-0.5-EH-4 0.76 - 1.97 1.77 - 0.00082
DA-1.0-EH-1 141 1.57 0.51 2.51 -0.00103 -0.00816
DA-1.0-EH-2 1.50 1.48 212 0.90 0.00013 0.00498
DA-1.0-EH-3 2.37 0.61 1.12 1.90 0.01135 -0.00318
DA-1.0-EH-4 1.62 - 1.40 1.49 - -0.00037
DA-0.5-S-1 0.87 2.10 1.30 1.74 -0.00794 -0.00180
DA-0.5-S-2 0.62 245 1.09 1.86 -0.01181 -0.00314
DA-0.5-S-3 1.59 - 0.87 2.04 - -0.00478
DA-0.5-S-4 0.58 - 2.03 1.92 - 0.00045
DA-1.0-S-1 1.40 1.60 - - -0.00129 -
DA-1.0-S-2 0.94 2.08 1.03 1.96 -0.00735 -0.00380
DA-1.0-S-3 1.30 1.71 1.51 1.50 -0.00265 0.00004
DA-1.0-S-4 1.50 - 0.91 212 - -0.00494
AM-0.4-EH-2 1.95 0.93 1.44 1.69 0.00658 -0.00102
AM-0.4-EH-3 0.79 2.13 1.38 1.59 -0.00864 -0.00086
AM-0.4-EH-4 1.51 1.49 2.48 0.52 0.00013 0.00800
AM-0.4-EH-5 1.65 1.36 1.73 1.27 0.00187 0.00188
AM-0.4-EH-6 0.99 1.98 1.91 112 -0.00639 0.00322
AM-0.8-EH-1 1.05 1.96 3.43 -0.43 -0.00587 0.01575
AM-0.8-EH-2 2.30 0.67 2.56 0.47 0.01052 0.00853
AM-0.8-EH-3 1.65 1.30 3.12 -0.06 0.00226 0.01298
AM-0.8-EH-4 2.42 0.54 0.61 2.44 0.01213 -0.00747
AM-0.8-EH-5 0.50 2.50 0.81 219 -0.01290 -0.00563
AM-0.8-EH-6 0.23 2.75 1.93 1.09 -0.01626 0.00343
k, = Vs <1 (17) of the uncracked concrete to the bending moment is small
3.1+0.61 /b

Applying the inverse analysis technique to a notched
SFRC beam in bending described by Egs. (12) to (14) is il-
lustrated in Fig. 12 for wy= 0.3 mm. It can be seen that the
proposed model fits well within the data obtained from
the uniaxial tensile test data, compensated for the bound-
ary effect.

5 Simplified model for design
In the establishment of Egs. (7) and (10) it is assumed that

sufficient cracking has occurred such that the neutral axis
is sufficiently high in the section and thus the contribution

compared with that provided by the fibres. In determining
a simple model we can adopt points corresponding to
CMODs of 1.5 and 3.5 mm, which correspond to points
CMOD, and CMOD, according to [9] and shown in Fig.
13. These points are selected to be sufficiently separated
from each other so as to provide reasonable modelling
over the most important region of the o-w curve for both
service and strength limit design and with point CMOD,
being sufficiently distant from initial cracking such that
the contribution of the uncracked concrete to the section
capacity of the prism is small [31].

Considering Egs. (7) to (10) with a linear constitutive
law interpolating between points CMOD, and CMODy,
with &k, = 1, results in
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Table 3. Number of fibres crossing failure plane in uniaxial tests f,
fw = % + (fR4 - fRz) §(w) 20 (183)
Specimen ID Number Specimen ID Number
of fibres of fibres w (D-d 1
‘S(w):?(gz —5))_1 (18b)
DA-0.5-EH-1 126 AM-0.4-EH-3 94 sp n
DA-0.5-EH-2 162 AM-0.4-EH-4 51 with fr, and fr4 calculated in accordance with EN 14651
[9] (Fig. 13) as
DA-0.5-EH-3 169 AM-0.4-EH-5 86
DA-0.5-EH-4 131 AM-0.4-EH-6 84 fo:= 3Fi a i=2 4 (19)
Ri= 2 e j =2,
DA-1.0-EH-1 208 AM-0.8-EH-1 175 p
DA-1.0-EH-2 228 AM-0.8-EH-2 169 For three-point bending, the shear span a = 1/2.
The model of Egs. (18) and (19) is compared with the
DA-10-EH-3 265 AM-0.8-EH-3 158 direct tension test data - with the boundary effect com-
DA-1.0-EH-4 231 AM-0.8-EH-4 131 pensated for by Eq. (16) - in Fig. 14 for the domain w €[0,
2.0] mm. The prediction according to fib Model Code
AM-0.4-EH-1 57 AM-0.8-EH-5 158 2010 [10] is also plotted, with the Model Code model mul-
AM-0.4-EH-2 79 AM-0.8-EH-6 138 tiplied by factor k5 to include the influence of the notch in
25 25
20 20
Z 15 Z 15
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§ 10 § 10
5 5
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Fig. 11. Prism bending test results: a) mix DA-0.5-EH, b) mix DA-1.0-EH, c) mix DA-0.5-S/mix DA-1.0-S (higher curves 150 mm square prisms/

lower curves 100 mm square prisms), ) mix AM-0.4-EH, f) mix AM-0.8-EH
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Fig. 12. Comparison of predicted uniaxial 6-w curves obtained from inverse

analysis of prism bending tests with uniaxial test data:

a) mix DA-0.5-EH, b) mix DA-1.0-EH, c¢) mix DA-0.5-S, d) mix DA-1.0-S, e) mix AM-0.4-EH, f) mix AM-0.8-EH

the prism tests (referred to as Modified fib MC2010 in
Figs. 14 and 15). The simplified model developed above
compares reasonably with the tensile test data over the
range 0.5 mm < w < 1.5 mm. Beyond 1.5 mm the results
are somewhat conservative; this could be improved by se-
lecting a second calibration point beyond CMOD;, (i.e. >
3.5 mm) on the moment versus CMOD plot. On the other
hand, the fib Model Code 2010 relationship generally
overestimates the tensile capacity at a given COD.

The importance of the observation above should not
be underestimated. When relying on physical models to

describe behaviour, e.g. shear and punching shear [32, 33],
the material laws must first be accurately established.

To further validate the model, data was collated from
the studies of Colombo [34] (used in di Prisco et al. [11] for
comparison with fib Model Code 2010 [10] model) and
Deluce [35]. In these studies, both indirect and direct ten-
sion tests were performed on SFRC produced from the
same mix.

The indirect tension tests of [34] were performed on
three 150 mm square notched prisms spanning 450 mm
under a four-point loading configuration. The prisms had

Structural Concrete (2015) 101




A. Amin/S. J. Foster/A. Muttoni - Derivation of the 6-w relationship for SFRC from prism bending tests

A a notch depth of 45 mm. The direct tension tests of [34]
used 3 x 75 mm diameter core samples taken from cast
prisms and notched at mid-height; the cylinders were test-
ed with both ends fixed to the loading platens. As the ten-
sile specimens were obtained using cores from a larger sec-
tion, the boundary influence is eliminated in this case, i.e.
k; = 1.0. In addition k, = 1.0, as both the prism tests and
tension tests are on notched specimens.

CMOD (mm) Deluce [35] presented the results of direct tension
05 1.5 25 35 > te§ts on thre.e dog-bone specim'ens and a single notched
prism bending test. The prism specimens spanned
456 mm, had a cross-section of 150 x 150 mm and a notch
depth of 25 mm.

Load, F (kN)

s ol Pod Pl
CMOD; CMOD2 CMOD3 CMODj

Fig. 13. Definitions of key points on the applied force versus CMOD curve
for flexural testing of prisms according to fib Model Code 2010 [10]
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Fig. 14. Comparison of simplified design model with the uniaxial test data: a) mix DA-0.5-EH, b) mix DA-1.0-EH, ¢) mix DA-0.5-S,
d) mix DA-1.0-S, e) mix AM-0.4-EH, f) mix AM-0.8-EH
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Fig. 15. Comparison of simplified design model with data obtained from: a) di Prisco et al. [11] mix M3-F2-0.62, b) Deluce [35] mix FRC4

Table 4. Comparison of residual tensile strength at crack opening displacements (COD) of 0.5 and 1.5 mm

Researchers  Test at w = 0.5 mm at w =15 mm
Exp. fib model Proposed model Exp. fib model Proposed model
fy MPa)  f,;(MPa) fiy (MPa) fy MPa)  f,; (MPa) fi (MPa)
-A- -B- B/A  -C- C/A -D- -E- E/D -F- F/D
Colombo [34] M3-F2-0.62 1.74 212 1.22 1.52 0.87 0.33 112 3.39 0.30 0.91
Deluce [35] FRC1 1.85 3.53 191 2.63 1.42 1.23 2.56 2.08 1.66 1.35
FRC2 2.52 3.94 1.56 3.36 1.33 1.98 3.22 1.63 2.29 1.16
FRC3 2.85 2.99 1.05 247 0.87 2.10 2.39 1.14 1.66 0.79
FRC4 1.89 2.56 1.35 1.83 0.97 1.23 1.73 141 1.07 0.87
FRC5 1.87 3.04 1.63 2.27 1.21 1.31 2.25 1.72 1.37 1.05
This study DA-0.5-EH 1.15 1.92 1.67 1.64 1.43 0.97 1.57 1.62 1.24 1.28
DA-1.0-EH 2.44 3.11 1.27 2.59 1.06 1.70 2.36 1.39 1.53 0.90
DA-0.5-S 0.60 1.39 2.32 0.94 1.57 0.60 0.82 1.37 0.40 0.67
DA-1.0-S 1.39 1.98 1.42 1.38 0.99 0.67 1.22 1.82 0.67 1.00
AM-0.4-EH - 1.93 - 1.38 - 0.74 1.30 1.76 0.80 1.08
AM-0.8-EH 2.78 2.95 1.06 2.63 0.95 1.97 215 1.09 1.54 0.78
Mean 1.50 1.15 1.70 0.99
COoV 0.25 0.22 0.36 0.21

The predictions of the simplified model as given
Eq. (18) are compared with the results for the Colombo
[34] data in Fig. 15a, the Deluce [35] mix FRC4 in Fig. 15b
and for all data, at the key points w = 0.5 mm and w =
1.5 mm, in Table 4. The predictions of fib Model Code
2010 [10] are also provided. It can be seen that the simpli-
fied model proposed predicts the residual tensile strength
of SFRC concrete consistently, whereas fib Model Code
2010 [10] consistently overestimates the capacity.
6 Discussion of the simplified model
It is important to recognize that the philosophy adopted
in fib Model Code 2010 for predicting the tensile strength

is a sound one and, indeed, the simplified model presented
here is adapted from that model. The key difficulty in the
fib Model Code 2010 approach can be attributed to two
conditions. The first is the adoption of CMOD;, corre-
sponding to a crack mouth opening displacement of
0.5 mm, as the first key sampling point. Adjusting for the
depth of the notch, this leads to an average crack width of
about 0.2 mm; at this crack width the tensile strength of
the cementitious matrix remains a significant contributor
to the flexural resistance of the member. Moving this first
sampling point back to CMOD, (CMOD = 1.5 mm) cor-
rects this. Similarlyy, CMOD, is adopted, rather than
CMODj3, to maximize the distance between the first and
second key points and increase the reliability of the ap-

Structural Concrete (2015) 103



A. Amin/S. J. Foster/A. Muttoni - Derivation of the 6-w relationship for SFRC from prism bending tests

proach. The second condition is the influence of testing
on notched specimens, where the failure section is defined
by the location of the notch and not by probabilities relat-
ed to fibre distributions and scatter. When tested against
the available data collected in this study and elsewhere, at
the key point w = 1.5 mm (Table 4), the model prediction
to experimental ratio is 0.99 and has a COV of 0.21.

7 Conclusions

In order to increase the utilization of SFRC in structural
applications, it is important to establish the post-cracking,
or residual, tensile strength of SFRC correctly. The post-
cracking behaviour of SFRC can be obtained directly from
uniaxial tensile tests or indirectly, following an inverse
analysis of notched beams in bending. Consequently, reli-
able methods to attain these results are required.

Following an experimental investigation of six soft-
ening SFRC mixes and a subsequent analysis that exam-
ined the applicability of inverse analysis techniques found
in the literature, i.e. ones that led to the approach adopted
in fib Model Code 2010 [10], it was found that the fib
Model Code 2010 results might overestimate the residual
tensile strength that forms the basis of physical models for
SFRC.

To address this, a simple yet effective inverse analysis
procedure was derived to find the o-w relationship for
SFRC from prism bending tests. The model considers the
influence of fibres on the moment carried by the specimen
from the point in the test where the uncracked concrete
has little influence on its capacity and considers rigid
body rotations.

In the development of the model it is important to
note that the measurement point for the CMOD is not at
the notch root (i.e. the location of the true crack mouth)
but at a certain distance from it. Using this observation, a
rational model is derived which is independent of speci-
men geometry, testing span and method of testing, i.e.
three- or four-point bending.

The model was validated against experimental data
obtained from direct tension tests on six SFRC mixes car-
ried out in this study and six SFRC mixes obtained from
results presented in the literature. For all 12 mixes tested,
each of varying fibre type and dosage, and for five differ-
ent prism geometries tested, the model predicted the re-
sults well and generally within the range of scatter of the
collected data.
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