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Abstract. In real systems, the phenomena, such as pipe-wall viscoelasticity, unsteady friction 
or fluid structure interaction induce additional damping and dispersion of transient pressure 
waves than that defined by classical waterhammer. In this paper, unsteady friction models and 
viscoelastic damping models will be presented and a theoretical formulation of the viscoelastic 
damping in piping systems without cavitation will be developed. Firstly, the friction factor will 
be presented as the sum of the quasi-steady part and the unsteady part related to the 
instantaneous local acceleration and instantaneous convective acceleration. This unsteady 
friction model has been incorporated into the method of characteristic algorithm (MOC). 
Secondly, the damping will be defined in terms of viscoelastic effect attributed to a second 
viscosity µ’. This model is solved using the Finite Difference Method. Finally, numerical 
results from the unsteady friction and viscoelastic models are compared with results of 
laboratory measurements for waterhammer cases with low Reynolds number turbulent flows. 
This comparison validates the new viscoelastic model. 

1.  Introduction 
The occurrence of pipe-wall viscoelasticity, unsteady friction or fluid structure interaction in fluid-
filled pipes influences the evolving shapes of wave fronts as well as their damping. Indeed, these 
phenomena have a fundamental importance for fluid transient analysis and therefore the need of a 
more reliable analysis of pressure wave propagation as well as a better understanding of physical 
phenomena is the major motivation for the study of the hydraulic energy systems. 

 
The transient flow occurs in pipelines when the pressure and flow rate change with time. Usually, 

pipe friction during transient events has been modeled using steady friction approximations, such as 
the Darcy–Weisbach friction equation. The quasi-steady state 1D model is characterized by a pseudo-
uniform velocity distribution in each cross-section and a linear elastic behavior of the pipe material. 
This model is known for underestimating friction forces and overestimating pressure oscillations 
during the fast transient events [1]. In fact, the velocity profiles in unsteady-flow conditions show 
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greater gradients, and thus greater shear stresses, than the corresponding values in steady-flow 
conditions [2]. 

 
To account for this lack of damping, unsteady friction models Ju were introduced. The basic 

hyperbolic partial differential equations for one-dimensional unsteady pipe liquid flow (�𝐶�⃗ � ≪ 𝑎) are, 
for an elementary pipe of length dx and wave speed a: 
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Two types of models have been proposed in literature to describe fast transient events and to help 

the identification of dynamic effects: the unsteady friction 1D model and the viscoelastic model. 
 
The unsteady friction 1D model is implemented by adding the unsteady-friction effect due to the 

non-uniformity of velocity profiles during fast transients. This model includes both the effects of local 
inertia and unsteady wall shear stress on flow, which several approximate formulas have been 
presented. Two distinct unsteady friction 1D models are considered in literature: 

 
a) Instantaneous Acceleration Model 
b) Convolution-Based Model 
 
For the Instantaneous Acceleration Model, Brunone et al. [3] proposed the introduction of an 

additional term to evaluate unsteady friction losses with a decay coefficient k related to the velocity 
distribution in the cross-section. This new model was theoretically justified by Axworthy et al. [4] on 
the basis of extended irreversible thermodynamics. 
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where the coefficient k is either experimentally calibrated or determined numerically from 2D 
model [5]. Brunone et al. [6] consider a k coefficient that varies with time and space. The coefficient k 
for these models was back-calculated from a more complex unsteady model and, therefore, more 
complex behavior can be replicated. Pezzinga [7] proposed a generalization of this model to provide 
dissipation without regarding the position of the valve generating the closure. Further, Vítkovský et al. 
[8] showed that the Brunone model is not able to correctly reproduce the oscillation damping observed 
for waterhammer following a rapid valve opening. Considering these limits, a new formulation of the 
unsteady friction is defined. 
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Finally, despite the generalizations of these kinds of models developed by different researchers, 
only the extreme values of the head oscillations can be reproduced, but not the shape. Moreover, all 
the dissipation effects not explicitly considered in the formulation of the model are included in the 
unsteady friction term. As a consequence, the calibrated values of k vary somewhat, depending on the 
experimental conditions, and on the numerical implementation of the model. 
 
The second 1D unsteady friction model considered is based on Zielke [9] with the convolution of past 
fluid accelerations and a weighting function. The weighting function is determined using the “frozen 
viscosity” assumption based on the steady-state viscosity distribution. Although realistic only for short 



 
 
 
 
 
 

time, this assumption is often acceptable in practice because the periods when unsteadiness has a 
strong influence on wall shear stresses can be very short-lived. Zielke [9] determined the weighting 
function for laminar flows. Unfortunately the computer solution of the convolution is time consuming. 
Trikha [10] simplified Zeilke’s model using exponential relations for simulating frequency dependent 
friction and thus improved computational speed, but at the expense of solution accuracy. 
 

Vardy and Brown [11] determined a set of weighting functions for the convolution-based approach 
for smooth-pipe turbulent flows. Recently, Ghidaoui and Mansour [12] efficiently implemented the 
Vardy–Brown weighting function in the method of characteristics; however, like the Trikha [10] 
implementation of Zielke’s weighting function, accuracy was decreased as a trade-off for increased 
computational speed. 
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where ν = kinematic viscosity and W = weighting function 
 
The viscoelastic model assumes a viscoelastic behavior of plastic pipe-walls in the transient-flow 

equations. Comparisons between experimental and computational results using the Method of 
Characteristics (MOC) enhance some effects that can be identified as the main sources of surge 
damping. Thus, this concept expounded in detail by Habán [13] attributes the unsteady dissipation 
effects to a volume viscosity or second viscosity µ’. Therefore, this model has been implemented to 
represent unsteady damping effect in SIMSEN simulation program [14]. Moreover, the future 
perspective of plastic pipes has recently induced the development of more accurate hydraulic transient 
models taking into account the viscoelastic behavior of these materials [15], [16], [7]. 

 
The aim of this paper consists of theoretical formulation of the viscoelastic damping in piping 

systems without cavitation based on both experimental tests and computer modeling. Thus, the first 
part will define the most commonly used unsteady friction model and the viscoelastic model already 
existing in the SIMSEN software. Then, the second part will establish the new formulation of the 
viscoelastic model. Finally, numerical results from the unsteady friction and viscoelastic models are 
compared with results of laboratory measurements for waterhammer cases with low Reynolds number 
turbulent flows published by Bergant et al. [17]. 

2.  Unsteady and Viscoelastic Models  
The Vítkovský unsteady model described by the equation 5 combines local inertia and wall friction 
unsteadiness. This model is implemented using the Vardy’s analytically deduced shear decay 
coefficient C* [18] to predict the Vítkovský’s friction coefficient k rather than use the traditional trial 
and error method for estimating k. 
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This unsteady friction model has been incorporated into the method of characteristic algorithm 

(MOC). This popular method is a simple and numerically efficient way of solving the unsteady flow 
equations. In essence, the MOC combines the momentum and the continuity expressions to form a 
compatibility equation in discharge Q and head H. Moreover, to satisfy the characteristic relations, the 
x-t grid is chosen to ensure x a t∆ = ± ∆ . 



 
 
 
 
 
 

 
A first viscoelastic model is already implemented in the SIMSEN software. This software was 

developed by the EPFL for the transient and steady-state simulation of the electrical power system and 
hydraulic power system. The modeling of the hydraulic components with electrical equivalents 
provides a high level of abstraction and allows for a rigorous formalism. In this software, the equations 
(1) and (2) are solved using the Finite Difference Method with 1st order centered scheme 
discretization in space and a scheme of Lax for the discharge variable. This discretization leads to a 
system of ordinary differential equations that can be represented as a T-shaped equivalent scheme [14] 
as presented in Fig. 1. 

 

 
 

 

 

Figure 1. Representation of an elementary hydraulic pipe of length dx and its equivalent circuit 
 
The RLC parameters of the equivalent scheme are given by: 

 2

| |
2

Q dxR
gDA

λ
= , 

dxL
gA

= , 
2

gAdxC
a

= ,  (7) 

where λ is the local loss coefficient and D is the diameter of the elementary pipe. The hydraulic 
resistance R, the hydraulic inductance L and the hydraulic capacitance C correspond respectively to 
energy losses, inertia and storage effects.  

 
Moreover, in order to predict accurately pressure fluctuation amplitudes and system stability, it is 

necessary to take into account the viscoelastic behavior due to energy dissipation during the wall 
deflection. This additional dissipation is justified by the Navier-Stokes equations. Indeed, for a 
Newtonian isentropic fluid, the tangential viscous stresses rxτ  and normal viscous stresses xxτ  are 
defined in cylindrical coordinates by : 
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where µ represents the viscosity and µ’ correspond to the expansion viscosity. Integration over a 
control volume V of length dx with a constant cross section A is used to define the steady friction Js 
from the tangential viscous stresses and the diffusion term Ju due to the compressibility of the fluid 
from normal viscous stresses. 
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This additional dissipation leads to a resistance in series with the capacitance. This viscoelastic 
resistance is accounting for both fluid and pipe material viscoelasticity and can be expressed as: 
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with µ’ the equivalent viscoelastic damping of both the fluid and the wall. Currently, this 
viscoelastic parameter is difficult to quantify and a comparison with experimental data are often 
essential to define its numerical value. This new viscoelastic parameter has a direct impact on the 
damping, but it does not take into account all the physics of the flow. The wave passage induces 
significant flow reversal near the wall. This flow reversal creates a large velocity gradient and thus a 
significant unsteady shear at the pipe-wall. It is widely recognized that the treatment of the wall 
friction as a static function of the mean velocity underestimates the wave attenuation at moderate and 
high frequencies. Inasmuch as the wall shear stress is not in phase with the mean velocity in pulsatile 
flow, the inertia term is modified by a factor ζ which is dependent on Reynolds number [1]. A first 
approximation of the ζ parameter is given by Wylie and Streeter [1]. However, a more accurate value 
can be obtained by analyzing the inertia term of the Vítkovský model. Indeed, this unsteady model has 
a good phase correlation with experimental data. Thus, it is possible to establish a new term of 
inductance for the viscoelastic model with the equation 6 : 
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Finally, the new viscoelastic model implemented in SIMSEN software is described by adding a 
diffusion term Rve corresponding to the expansion viscosity and a new inductance Lv corresponding to 
unsteady velocity profiles. To highlight the advantages and disadvantages of both models, numerical 
results from the unsteady friction and viscoelastic models are compared with results of laboratory 
measurements for waterhammer cases with low Reynolds number turbulent flows. 

 

 

 

 

Figure 2. Representation of the new equivalent circuit for viscoelastic model 

3.  Numerical and Experimental Results 
The apparatus presented in Figure 4 comprises a straight 37.23 m long sloping copper pipe of 22.1 mm 
internal diameter and 1.63 mm wall thickness connecting two pressurized tanks [17]. The static head 
in the upstream tank is equal to 32 m. Waterhammer events in the apparatus are initiated by rapid 
closure of the ball valve. After 0.1 second, a fast closure of the valve is carried out by a torsional 
spring actuator providing a constant and repeatable valve closure time tc = 0.009 s. From an 
experimental point of view, three different steady state flow velocities (C0 = 0.1, 0.2, 0.3 m/s) are 
analyzed and compared with numerical models to verify the performance of the unsteady friction and 
viscoelastic models. For each case, waterhammer wave speed a = 1319 m/s was measured causing an 
oscillation frequency of 8.86 Hz. Finally, computational and experimental results are compared at the 
valve, where pressure fluctuations are the highest. 

 

 
Figure 3. Representation of the SIMSEN model of the experimental device 



 
 
 
 
 
 

 

 

 
 

 
Figure 4. Test case experimental apparatus 

 
For the first case, the experimental transient laminar flow velocity is equal to 0.1 m/s. The water 

temperature Tw = 15.4 °C imposes a Reynolds number Re = 1870. The Vítkovský model slightly 
underestimates the damping for the transient flow case. Indeed, after 1.4 second, the unsteady friction 
model overestimates by 3.4% the experimental data. The match between the computed and measured 
results can be improved by using an empirically estimated k. Results from the viscoelastic model show 
an improvement in both attenuation and shape of the pressure head. The empirically estimated µ’ 
factor is equal to to 8.26·105 Pa·s. 

 
Figure 5. Comparison of piezometric head values at the valve between the numerical model and 
the experimental data for a steady velocity equal to 0.1 m/s 
 
The two other experiments with initial flow velocities C0 = 0.2 and 0.3 m/s represent low Reynolds 

number turbulent flows. With a water temperature equal to 15.4 °C, the corresponding Reynolds 
numbers are respectively 3750 and 5600 and the empirically estimated µ’ factor are respectively equal 
to 8.06·105 Pa·s and 7.76·105 Pa·s. During the first oscillations, a slight overestimation of 4% of the 
head is computed by the viscoelastic model. This imperfection is subsequently corrected and the 
model describes a behavior in phase with a shape close to the experimental data. Conversely, the 
Vítkovský model describes well the first oscillations but underestimates the damping. The match 
between the computed and measured results can be improved by using an empirically estimated k. 
These effects are stronger when the flow velocity increases. 

 
By observing the different values of the µ’ factor (see Table 1), it can be assumed that the value of 

this parameter is a function of the Reynolds number. 
 
 

Quantity Value Unit 

Pipe length: 37.23 [m] 

Pipe diameter: 0.0221 [m] 

Thickness of wall pipe: 0.0016 [m] 

Pipe slope: 3.2 [°] 

Head in Tank 2: 22 [m] 

Initial air void fraction: 10-7 [-] 

Valve closure time: 0.009 [s] 

Wave speed in liquid: 1319 [m/s] 
 



 
 
 
 
 
 

 
Table 1. Summary of the main parameters of the viscoelastic model 

 
 Reynolds Number [-] 
 1870 3750 5600 
k  [-] 1.042 1.032 1.027 
µ  [Pa·s] 8.26·105 8.06·105 7.76·105 

 
However, as the three studied flows are in a restricted range values, it is difficult to extrapolate this 

assumption to higher Reynolds number. Moreover, according to Dörfler [19], unsteady friction may be 
represented by a bulk viscosity model which is inversely proportional with frequency. A comparison 
of the µ’ values presented in this paper with the regression proposed by Dörfler reinforces this concept 
of frequency dependence. 

 
Figure 6. Comparison of piezometric head values at the valve between the numerical model and 
the experimental data for a steady velocity equal to 0.2 m/s 
 

 
Figure 7. Comparison of piezometric head values at the valve between the numerical model and 
the experimental data for a steady velocity equal to 0.3 m/s 

 
Unlike the viscoelastic model, the disadvantage of the unsteady friction model is its dependence on 

an experimental scale. Indeed, according to Duan et al. [20], the results show that the contribution of 
unsteady friction damping is important for small-scale (laboratories systems) but not for large-scale 



 
 
 
 
 
 

water supply and transport pipelines. Clearly, the relaxation of the velocity gradient diminishes the 
role of unsteady share. In fact, the faster is the relaxation time (Td = D2/νk), the less important is 
unsteady shear. Nevertheless, even when unsteady friction is not important for the wave envelope, it 
still imposes its signature on the wave shape. 

 
Finally, we can conclude that two different physics can describe the same behavior. On the one 

hand, the unsteady friction may be represented by a friction term dependent on local inertia and wall 
friction unsteadiness. On the other hand, the unsteady friction may be represented by a dissipation 
term dependent on the expansion viscosity. However, according to Covas et al. [21], it is very difficult 
to make the distinction between the frictional and viscoelastic behavior. 

 

4.  Conclusion 
Two types of models have been proposed in literature to describe fast transient events and to help the 
identification of dynamic effects: the unsteady state 1D model and the viscoelastic model. On the one 
hand, the viscoelastic model assumes a viscoelastic behavior of plastic pipe-walls in the transient-flow 
equations. A theoretical formulation of the viscoelastic damping in piping systems without cavitation 
was developed. The new viscoelastic model implemented in SIMSEN software is described by adding 
a diffusion term corresponding to the expansion viscosity and a new inductance corresponding to 
significant unsteady shear at the pipe-wall. The viscoelastic parameter µ’ is difficult to quantify and a 
comparison with experimental data are often essential to define its numerical value. 

 
On the other hand, the unsteady phenomenon is also described by another physics combining local 

inertia and wall friction unsteadiness. Despite the generalizations of these kinds of models developed 
by different researchers, only the extreme values of the head oscillations can be reproduced, but not 
the shape. Moreover, all the dissipation effects not explicitly considered in the formulation of the 
model are included in the unsteady friction term. As a consequence, the calibrated values of k vary 
somewhat, depending on the experimental conditions, and on the numerical implementation of the 
model. The results show that the contribution of unsteady friction damping is important for small-scale 
(laboratories systems) but not for large-scale water supply and transmission lines. 

 
To highlight the advantages and disadvantages of both models, numerical results from the unsteady 

friction and viscoelastic models are compared with results of laboratory measurements for 
waterhammer cases with low Reynolds number turbulent flows. During the first oscillations, a slight 
overestimation of the head is computed by the new viscoelastic model, but this imperfection is 
subsequently corrected and the model describes a behavior in phase with a shape close to the 
experimental data. Conversely, the Vítkovský model describes well the first oscillations but 
underestimates the damping. The match between the computed and measured results can be improved 
by using an empirically estimated k. 

 
Finally, we can conclude that two different physics can describe the same behavior. On the one 

hand, the unsteady friction may be represented by a friction term dependent on local inertia and wall 
friction unsteadiness. On the other hand, the unsteady friction may be represented by a dissipation 
term dependent on the expansion viscosity. However, it is very difficult to make the distinction 
between the frictional and viscoelastic behavior. 
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Nomenclature 
 

A 
a 
C 
C 
C* 
D 
E 
g 
H 
Js 

Cross-section area [m2] 
Wave speed [m/s] 
Flow velocity [m/s] 
Hydraulic capacitance [m2] 
Shear decay Coefficient [-] 
Diameter [m] 
Specific hydraulic Energy [J/kg] 
Gravity [m/s2] 
Piezometric Head [m] 
Steady friction term [-] 

Ju 
k 
L 
mk 
 
nk 
 
Q 
R 

Unsteady friction term [-] 
Decay coefficient [-] 
Hydraulic inductance [s2/m2] 
Coefficient of the kth 
approximating term of W 
Coefficient in exponent of the 
kth approximating term of W 
Discharge [m3/s] 
Hydraulic resistance [s/m2] 

Re 
Rve 
W 
λ 
µ 
µ’ 
ν 
νk 
ρ 

Reynolds number [-] 
Viscoelastic resistance [s/m2] 
Weighting function  
Local loss coefficient [-] 
Dynamic viscosity [Pa·s] 
Expansion viscosity [Pa·s] 
Specific speed [-] 
Kinematic viscosity [m2/s] 
Density [kg/m3] 
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